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Perturbations of Matter Fields in the Second-order
Gauge-invariant Cosmological Perturbation Theory
Kouji Nakamura
Department of Astronomical Science, the Graduate University for Advanced
Studies, Mitaka, Tokyo 181-8588, Japan.
Some formulae for the perturbations of the matter fields are summarized within the
framework of the second-order gauge-invariant cosmological perturbation theory in a four
dimensional homogeneous isotropic universe, which is developed in the papers [K. Nakamura,
Prog. Theor. Phys. 117 (2007), 17.]. We derive the formulae for the perturbations of the
energy momentum tensors and equations of motion for a perfect fluid, an imperfect fluid,
and a signle scalar field, and show that all equations are derived in terms of gauge-invariant
variables without any gauge fixing.
§1. Introduction
The general relativistic second-order cosmological perturbation theory is one of
topical subjects in the recent cosmology. By the recent observation of the Cosmic
Microwave Background (CMB) by Wilkinson Microwave Anisotropy Probe,1) the
first order approximation of our universe from a homogeneous isotropic one was re-
vealed. The observational results suggest that the fluctuations of our universe are
adiabatic and Gaussian at least in the first order approximation. As a next step,
the clarifications of the accuracy of these observational results are actively discussed
both in the observational2) and the theoretical side3), 4) through the non-Gaussianity,
the non-adiabaticity, and so on. With the increase of precision of the CMB data,
the study of relativistic cosmological perturbations beyond linear order is a topical
subject especially to study the generation of the primordial non-Gaussianity in in-
flationary scenarios3) and the non-Gaussian component in CMB anisotropy.4) The
second-order cosmological perturbation theory is one of such perturbation theories
beyond linear order.
According to this physical motivation, we proposed a clear gauge-invariant for-
mulation of the second-order general relativistic cosmological perturbation theory.5)
In this paper, we refer these works as KN2007. This gauge-invariant formulation of
the second-order cosmological perturbations is a natural extension of the first-order
gauge-invariant cosmological perturbation theory.6)–8) The formulation in KN2007
is one of the applications of the gauge-invariant formulation of the second-order per-
turbation theory on the generic background spacetime developed in the papers by
the present author.9), 10) These papers are referred in this paper as KN20039) and
KN2005.10) This general formulation is a by-product of the investigations of the
oscillatory behaviors of self-gravitating Nambu-Goto membranes.11)
In KN2007, we defined the complete set of the gauge-invariant variables of the
second-order cosmological perturbations in the Friedmann-Robertson-Walker uni-
verse based on the formulation developed in the papers KN2003 and KN2005. We
typeset using PTPTEX.cls 〈Ver.0.9〉
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considered the two cases of the Friedmann-Robertson-Walker universe: one is the
universe filled with the single perfect fluid and another is the universe filled with the
single scalar field. We also derived the second-order Einstein equations of cosmo-
logical perturbations in terms of these gauge-invariant variables without any gauge
fixing in these two cases. We have also found that the procedure to find gauge invari-
ant variables proposed in KN2003 plays a crucial role in the derivations. Rather, we
can use the formulae proposed in KN2003 to check whether the resulting formulae
are correct or not.
This paper is the second part of KN2007. In this paper, we summarize the
formulae for the components of the first- and the second-order perturbations of the
energy momentum tensors and the equations of motion which are derived from the
divergence of the energy momentum tensors. As the matter contents, we consider
the three matter fields: a single perfect fluid; a single imperfect fluid which includes
additional terms of the energy flux and anisotropic stress to the perfect fluid; and a
single scalar field. In the early universe, photon and neutrinos should be described
by the Boltzmann distribution functions.7), 14) Photon’s interaction with baryon
and the free streaming of neutrinos lead anisotropic stress and these effects will be
important in the recent cosmology. Although the energy flux and the anisotropic
stress in the imperfect fluid are determined through these micro-physical processes,
we just phenomenologically treat these terms in this paper.
Although the perturbative expressions of the energy momentum tensor and equa-
tions of motion were also derived in some literatures,16) in this paper, we show alter-
native derivations of these perturbations. In our derivations, we respect the gauge
invariance of the perturbative variables. We again show that the formulae of gauge
invariant-variables proposed in KN2003 [Eqs. (2.20) and (2.21) in this paper] also
play crucial roles in the derivations of perturbative expressions of the equations for
matter fields. The first- and the second-order perturbations of the equations of mo-
tion are decomposed into gauge-invariant and gauge-variant parts as Eqs. (2.20) and
(2.21), respectively. In these derivations, we do not fix any gauge degree of freedom.
In spite of this no gauge-fixing, we show all perturbations of the equations of mo-
tion are given in gauge-invariant forms through the lower order perturbations of the
equations of motion for matter fields. In this sense, we may say that the general
framework of the second-order gauge invariant perturbations proposed in KN2003
and KN2005 does work not only in the perturbations of the Einstein equations but
also in the equations of motion for the matter fields. The main purpose of this paper
is to show this.
Further, in this paper, we do not ignore the first-order vector- and tensor-modes
which are ignored in KN2007. Moreover, in the derivation of the perturbations
of the energy momentum tensors and the equations of motion, we do not use any
information of the Einstein equations. Therefore, the formulae derived in this paper
are valid even if we consider any other theory of gravity than the Einstein theory.
The organization of this paper is as follows. In §2, we briefly review the defi-
nitions of the gauge-invariant variables for the first- and second-order perturbations
which were defined by KN2007.5) In §3, we derive the first- and the second-order
perturbations of the energy momentum tensors and equations of motion for a perfect
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fluid, an imperfect fluid, and a scalar field. In the derivation in this section, we do
not specify the background spacetime. Therefore, the formulae summarized in this
section are valid in perturbation theories on any background spacetime. In §4, we
derive the explicit expression of the components of the energy momentum tensors
and the equations of motion for matter fields. The final section, §5, is devoted to
the summary and the discussions. Further, in Appendix A, we explicitly give the
components of the perturbations of the acceleration, expansion, shear, and rotation
associated with the fluid four-velocity, which are necessary to derive the results in
§§3 and 4.
We employ the notation of our previous papers KN2003,9) KN2005,10) and
KN20075) and use the abstract index notation.17) We also employ the natural unit
in which the light velocity is denoted by c = 1.
§2. Gauge-invariant variables in the second-order perturbations
In this section, we briefly review the definitions of the gauge-invariant variables.
First, in §2.1, we review the gauge degree of freedom and the first- and the second-
order gauge transformation rules. Then, we briefly explain the gauge-invariant vari-
ables for the metric (in §2.2) and matter perturbations (in §2.3).
2.1. Gauge degree of freedom
In any perturbation theory, we always treat two spacetime manifolds. One is the
physical spacetime M = Mλ and the other is the background spacetime M0. The
physical spacetime Mλ is our nature itself which we want to describe through the
perturbations. On the other hand, the background spacetime M0 is just a reference
spacetime for the calculations of perturbations. Although this background spacetime
has nothing to do with our nature, to calculate perturbations, it is necessary to
introduce this reference spacetimeM0 by hand. Since these two spacetime manifolds
are distinct from each other, we have to introduce a point-identification map Xλ :
M0 →Mλ. This point-identification map Xλ called a gauge choice in perturbation
theories. Through the pull-back X ∗λ of the gauge choice Xλ, any physical variable Q¯λ
on the physical manifold Mλ is pulled back to X
∗
λ Q¯λ on the background spacetime
M0. The pull-back X
∗
λ Q¯λ is a representation on the background spacetime M0 of
the physical variable Q¯λ on the physical spacetime Mλ. Although we do not know
about the physical spacetime Mλ at the starting point of the perturbation theory,
we can treat the physical variable Q¯λ on the physical manifold Mλ as the variable
X ∗λ Q¯λ on the background spacetime M0 through this pull-back X
∗
λ .
In the case of the perturbations in the theory with general covariance, the above
strategy of the perturbation theory includes an important trouble. This is the fact
that the gauge choice Xλ is not unique by virtue of general covariance. Rather,
there is degree of freedom in the gauge choice Xλ, i.e., we may apply the different
point-identification map Yλ from Xλ as a gauge choice. In this case, the represen-
tation Y∗λQ¯λ on the background spacetime M0 of the physical variable Q¯λ on the
physical spacetime Mλ is different from the representation X
∗
λ Q¯λ. This difference is
unphysical because it has nothing to do with the nature of the physical spacetime
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Mλ. We can also consider the transformation rule from a gauge choice Xλ to another
one Yλ, which is called gauge transformation. The gauge transformation Xλ → Yλ
is induced by the diffeomorphism Φλ := (Xλ)
−1 ◦ Yλ. Actually, the diffeomorphism
Φλ changes the point-identification maps from Xλ to Yλ. Further, the pull-back Φ
∗
λ
of the diffeomorphism Φλ changes the representation X
∗
λ Q¯λ of the physical variable
Q¯λ to another representation Y
∗
λQ¯λ:
Y∗λQ¯λ = Y
∗
λ
(
Xλ ◦ X
−1
λ
)∗
Q¯λ = Y
∗
λ(X
−1
λ )
∗X ∗λ Q¯λ = Φ
∗
λX
∗
λ Q¯λ. (2.1)
Since Φλ is the diffeomorphism on the background manifold M0, the Taylor
expansion of the pull-back Φ∗λ is given by
Φ∗λX
∗
λ Q¯λ = X
∗
λ Q¯λ + λ£ξ1X
∗
λ Q¯λ +
1
2
λ2
(
£ξ2 +£
2
ξ1
)
X ∗λ Q¯λ +O(λ
3), (2.2)
where ξa1 and ξ
a
2 are generators of the diffeomorphism Φ
∗
λ.
13) On the other hand, we
consider the perturbative expansion
X ∗λ Q¯λ = Q0 + λ
(1)
X
Q+
1
2
λ2
(2)
X
Q+O(λ3) (2.3)
of the representation X ∗λ Q¯λ under the gauge choice Xλ, where Q0 is the background
value of the variable Q¯λ. The first- and the second-order perturbations
(1)
X
Q and
(2)
XQ are defined by this equation (2.3). From Eqs. (2.2) and (2.3), we can easily
derive the gauge transformation rule of each order:
(1)
Y
Q−
(1)
X
Q = £ξ(1)Q0, (2
.4)
(2)
Y
Q−
(2)
X
Q = 2£ξ(1)
(1)
X
Q+
{
£ξ(2) +£
2
ξ(1)
}
Q0. (2.5)
Further, we introduce the concept of “the order by order gauge invariance”. We call
the pth-order perturbation
(p)
X
Q is gauge invariant iff
(p)
Y
Q =
(p)
X
Q (2.6)
for any gauge choice Xλ and Yλ. We have been considering the concept of “the
gauge invariant up to order n” in the series of the papers KN2003,9) KN2005,10) and
KN2007,5) following the idea by Bruni and Sonego.12) However, we should regard the
gauge invariance in this series of the papers is this “order by order gauge invariance”
rather than “the gauge invariance up to order n”. This notion of the order by order
gauge invariance is weaker than the notion of the gauge invariance up to n, since
we do not say anything about the gauge invariance of the other orders in the above
order by order gauge invariance.
Employing the idea of this order by order gauge invariance, we proposed a
procedure to construct gauge-invariant variables of higher-order perturbations in
KN2003.9) Inspecting the gauge transformation rules (2.4) and (2.5), we can de-
fine the gauge-invariant variables for a metric perturbation and for arbitrary matter
fields.
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2.2. Gauge-invariant variables for metric perturbations
Following the expansion form (2.3), we also expand the pulled-back X ∗λ g¯ab of the
metric g¯ab on the physical spacetime Mλ:
X ∗λ g¯ab = gab + λXhab +
λ2
2
Xlab +O(λ
3), (2.7)
where gab is the metric on the background spacetime M0. Although the expansion
(2.7) of the metric depends entirely on the gauge choice Xλ, henceforth, we do
not explicitly express the index of the gauge choice Xλ in expressions if there is
no possibility of confusion. As shown in KN2007,5) at least in the cosmological
perturbation case, the first-order metric perturbation hab is decomposed as
hab =: Hab +£Xgab, (2.8)
where Hab and X
a are the gauge-invariant and gauge-variant parts of the linear-
order metric perturbations,9) i.e., under the gauge transformation (2.4), these are
transformed as
YHab − XHab = 0, YX
a − XX
a = ξa(1). (2
.9)
Further, the second-order metric perturbation lab is also decomposed as
lab =: Lab + 2£Xhab +
(
£Y −£
2
X
)
gab, (2.10)
where Lab and Y
a are the gauge-invariant and gauge-variant parts of the second-
order metric perturbations, i.e., these are transformed as
YLab − XLab = 0, YY
a − XY
a = ξa(2) + [ξ(1),X]
a (2.11)
under the gauge transformation (2.5).
In KN2007,5) the details of the derivation of this gauge-invariant part of the
second-order metric perturbation are explained in the context of cosmological pertur-
bations. In the case of the cosmological perturbations, we consider the homogeneous
isotropic background spacetime whose metric is given by
gab = a
2
{
−(dη)a(dη)b + γij(dx
i)a(dx
j)b
}
, (2.12)
where γab := γij(dx
i)a(dx
j)b is the metric on the maximally symmetric three space.
As shown in KN2007, the decomposition (2.8) is accomplished if we assume the
existence of the Green functions ∆−1 := (DiDi)
−1, (∆ + 2K)−1, and (∆ + 3K)−1,
where Di is the covariant derivative associated with the metric γij on the maximally
symmetric three space and K is the curvature constant of this maximally symmetric
three space. We also showed in KN2007 that we may choose the components of the
gauge-invariant part Hab of the first-order metric perturbation as
Hab = a
2
{
−2
(1)
Φ (dη)a(dη)b + 2
(1)
ν i (dη)(a(dx
i)b)
+
(
−2
(1)
Ψ γij+
(1)
χ ij
)
(dxi)a(dx
j)b
}
, (2.13)
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where
(1)
ν i and
(1)
χij satisfy the properties
Di
(1)
ν i:= γ
ijDi
(1)
ν j= 0,
(1)
χ ii := γ
ij (1)χij= 0, D
i
(1)
χ ij= 0. (2.14)
Further, we may also choose the components of the gauge-invariant part Lab of the
second-order metric perturbation as
Lab = a
2
{
−2
(2)
Φ (dη)a(dη)b + 2
(2)
ν i (dη)(a(dx
i)b)
+
(
−2
(2)
Ψ γij+
(2)
χ ij
)
(dxi)a(dx
j)b
}
, (2.15)
where
(2)
ν i and
(2)
χij satisfy the properties
Di
(2)
ν i= 0,
(2)
χ ii = 0, D
i (2)χij= 0. (2.16)
Here, we also note the fact that the definitions (2.8) and (2.10) of the gauge-
invariant variables are not unique. This comes from the fact that we can always
construct new gauge-invariant quantities by the combination of the gauge-invariant
variables. For example, using the gauge-invariant variables
(1)
Φ and
(1)
νi of the first-
order metric perturbation, we can define a vector field Za by
Za := a
(1)
Φ (dη)a + a
(1)
νi (dx
i)a. (2.17)
Although there is no specific physical meaning in this vector field Za, at least, we
can say that the vector field Za defined by (2.17) is gauge-invariant. Through this
gauge-invariant vector field Za, we can rewrite the decomposition formula (2.8) for
the linear-order metric perturbation as
hab = Hab −£Zgab +£Zgab +£Xgab,
=: Kab +£X+Zgab, (2.18)
where we have defined new gauge-invariant variable Kab by
Kab := Hab −£Zgab. (2.19)
Clearly, Kab is gauge-invariant and the vector field X
a+Za satisfies the gauge trans-
formation rule (2.9) for the gauge-variant part of the first-order metric perturbations.
Although the definition of the gauge-invariant variables is not unique, we can specify
the components of the gauge-variant part Xa without ambiguities if we specify the
components of the gauge-invariant part Hab as shown in KN2007. In this paper, we
specify the components of the tensor Hab as Eq. (2.13), which is the gauge-invariant
part of the linear-order metric perturbation associated with the longitudinal gauge.
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2.3. Gauge-invariant variables for matter fields
As shown in KN2003, using the above first- and second-order gauge-variant
parts, Xa and Y a, of the metric perturbations, we can define the gauge-invariant
variables for an arbitrary field Q other than the metric. These definitions imply that
the first- and the second-order perturbations (1)Q and (2)Q are always decomposed
into gauge-invariant part and gauge-variant part as
(1)Q =: (1)Q+£XQ0, (2.20)
(2)Q =: (2)Q+ 2£X
(1)Q+
{
£Y −£
2
X
}
Q0, (2.21)
respectively, where (1)Q and (2)Q are gauge-invariant parts of the first- and the second-
order perturbations of (1)Q and (2)Q, respectively.
Through the formulae (2.20) and (2.21), we can define the gauge-invariant vari-
ables for the matter field. In this paper, we consider the cases of a perfect fluid;
an imperfect fluid; and a scalar field. All these matter fields consist of fundamental
quantities. For example, we regard the energy density, the pressure, and the four-
velocity as fundamental variables for a perfect fluid. Here, we show the definitions
of the gauge-invariant variables for these fundamental quantities. These definitions
are just following to the formulae (2.20) and (2.21). However, based on these defini-
tions of gauge-invariant variables, we will show that all perturbative quantities are
decomposed into gauge-invariant and gauge-variant parts as Eqs. (2.20) and (2.21).
2.3.1. Perfect fluid
Here, we consider the definitions of the gauge-invariant variables for the funda-
mental variables of a perfect fluid. The total energy momentum tenor of the fluid is
given by
(p)T¯ ba = (ǫ¯+ p¯)u¯au¯
b + p¯δ ba , (2.22)
where the fundamental variables for a perfect fluid are the energy density ǫ¯, the
pressure p¯, and the four-velocity u¯a. We expand these fundamental variables as
ǫ¯ := ǫ+ λ
(1)
ǫ +
1
2
λ2
(2)
ǫ +O(λ3), (2.23)
p¯ := p+ λ
(1)
p +
1
2
λ2
(2)
p +O(λ3), (2.24)
u¯a := ua + λ
(1)
(ua) +
1
2
λ2
(2)
(ua) +O(λ
3), (2.25)
where ǫ¯, p¯, and u¯a characterize the pull-back of the fluid on the physical spacetime to
the background spacetime through an appropriate gauge choice Xλ, while ǫ, p, and ua
are their background values on the background spacetime. Following to Eqs. (2.20)
and (2.21), we define the gauge-invariant variable for the perturbation of the fluid
components ǫ¯, p¯, and u¯a:
(1)
E :=
(1)
ǫ −£Xǫ,
(1)
P :=
(1)
p −£Xp,
(1)
Ua:=
(1)
(ua) −£Xua, (2.26)
(2)
E :=
(2)
ǫ −2£X
(1)
ǫ −
{
£Y −£
2
X
}
ǫ,
(2)
P :=
(2)
p −2£X
(1)
p −
{
£Y −£
2
X
}
p, (2.27)
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(2)
Ua:=
(2)
(ua) −2£X
(1)
ua −
{
£Y −£
2
X
}
ua. (2.28)
2.3.2. Imperfect fluid
Here, we consider the generic case of an imperfect fluid. The energy-momentum
tensor is decomposed into fluid quantities based on the orthogonality to the four-
vector field u¯a as
T¯ ba = ǫ¯u¯au¯
b + p¯
(
δ ba + u¯au¯
b
)
+ q¯au¯
b + u¯aq¯
b + π¯ ba (2.29)
= (p)T¯ ba + g¯
bcq¯au¯c + g¯
bcu¯aq¯c + g¯
bcπ¯ac, (2.30)
where
u¯aq¯a = 0, (2.31)
π¯[ab] = 0, u¯
aπ¯ab = 0, π¯
a
a = g¯
abπ¯ab = 0. (2.32)
The energy density ǫ¯, the isotropic pressure p¯, and the four-velocity u¯a of the imper-
fect fluid in Eq. (2.29) are expanded as Eqs. (2.23)–(2.25) and the gauge-invariant
variables for their perturbations are defined by Eqs. (2.26)–(2.28) as in §2.3.1. In
addition to these fluid components, in the imperfect fluid case, we add the energy
flux q¯a and the anisotropic stress π¯ab associated with the vector field u¯a as fluid com-
ponents. Since the first two terms in Eq. (2.29) coincide with the energy momentum
tensor for a perfect fluid, we call these terms as “the perfect part” and denote them by
(p)T¯ ba as in Eq. (2.30). On the other hand, we call the remaining terms in Eq. (2.30)
(i)T¯ ba := q¯au¯
b + u¯aq¯
b + π¯ ba , (2.33)
as “the imperfect part” of the energy momentum tensor for an imperfect fluid.
Now, we consider the perturbative expansion of the energy flux q¯a and the
anisotropic stress π¯ab. Although these quantities should be given through the micro-
physical process, in this paper, we regard these variables as fundamental quantities
for an imperfect fluid and expand these variables as
q¯a =: qa + λ
(1)
(qa) +
1
2
λ2
(2)
(qa) +O(λ
3), (2.34)
π¯ab =: πab + λ
(1)
(πab) +
1
2
λ2
(2)
(πab) +O(λ
3). (2.35)
Further, we introduce gauge-invariant variables for the perturbations of the energy
flux qa and the anisotropic stress πab. Following to the decompositions (2.20) and
(2.21) for an arbitrary matter field, the first- and the second-order perturbations of
the energy flux and the anisotropic stress are decomposed into gauge-invariant and
gauge-variant parts as
(1)
(qa) =:
(1)
Qa +£Xqa,
(2)
(qa)=:
(2)
Qa +2£X
(1)
(qa) +
{
£Y −£
2
X
}
qa, (2.36)
(1)
(πab) =:
(1)
Πab +£Xπab,
(2)
(πab)=:
(2)
Πab +2£X
(1)
(πab) +
{
£Y −£
2
X
}
πab. (2.37)
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If we represent the multi-fluid system as an imperfect fluid system or we consider
the micro-physical process, these energy flux and the anisotropic stress are related
to the other fluid components.7), 14) In this case, the gauge transformations (2.36)
and (2.37) should be derived from this relation.15) However, in this paper, we regard
these energy flux and the anisotropic stress as fundamental variables for an imperfect
fluid, phenomenologically.
2.3.3. Scalar field
Finally, we briefly summarize the perturbations of a scalar field ϕ¯ whose energy
momentum tensor is given by
T¯ ba = g¯
bc∇¯aϕ¯∇¯cϕ¯−
1
2
δ ba
(
g¯cd∇¯cϕ¯∇¯dϕ¯+ 2V (ϕ¯)
)
, (2.38)
where V (ϕ¯) is the potential of the scalar field ϕ¯. The fundamental variable of this
system is the scalar field ϕ¯ itself. In perturbation theory, we also expand this scalar
field ϕ¯ as
ϕ¯ = ϕ+ λϕˆ1 +
1
2
λ2ϕˆ2 +O(λ
3), (2.39)
where ϕ is the background value of the scalar field ϕ¯. Further, as in the cases of
the fluids, each order perturbations of the scalar field ϕ is decomposed into the
gauge-invariant part and gauge-variant part as
ϕˆ1 =: ϕ1 +£Xϕ, (2.40)
ϕˆ2 =: ϕ2 + 2£X ϕˆ1 +
(
£Y −£
2
X
)
ϕ, (2.41)
where ϕ1 and ϕ2 are the first-order and the second-order gauge-invariant perturba-
tion of the scalar field.
§3. Generic form of perturbations of energy momentum tensors and
equations of motion
Here, we consider the generic expression of the perturbations of the energy mo-
mentum tensors and equations of motion for a perfect fluid (§3.1), an imperfect fluid
(§3.2), and a single scalar field (§3.3). We derive these perturbative expressions in
terms of gauge-invariant variables defined in the last section. We also show that all
perturbative variables are given in the same form as Eqs. (2.20) and (2.21).
We note that we do not explicitly use any background values of the metric
and matter fields in the derivations within this section. Further, we also note that
we do not use any information of the Einstein equation nor the equations of state
of the matter fields. Therefore, the ingredients of this section will be valid for
any background spacetime and many perturbation theories of gravity with general
covariance if the decomposition formula (2.8) is correct.
3.1. Perfect fluid
The perturbative expressions of the energy momentum tensor for a perfect fluid
are already discussed in KN2007.5) Therefore, in this subsection, we just summarize
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the definitions and results in KN2007 for the perturbations of the energy momentum
tensor in §3.1.1. In addition to the results in KN2007, we also show the perturbative
expression of the equations of motion, i.e., the equation of continuity (§3.1.2) and the
Euler equation (§3.1.3), which are derived from the perturbations of the divergence
of the energy momentum tensor.
3.1.1. Perturbations of the energy momentum tensor
The perturbative expansion of the energy momentum tensor (2.22) is given by
(p)T¯ ba =:
(p)T ba + λ
(1)
(p)T ba +
1
2
λ2
(2)
(p)T ba +O(λ
3). (3.1)
The background energy momentum tensor for a perfect fluid is given by
(p)T ba = (ǫ+ p)uau
b + pδ ba . (3.2)
The first- and the second-order perturbations
(1)
(p)T ba and
(2)
(p)T ba of the energy momen-
tum tensor are also decomposed into the form as Eqs. (2.20) and (2.21), respectively,
i.e.,
(1)
(p)T ba =:
(1)
(p)T ba +£X
(p)T ba , (3.3)
(2)
(p)T ba =:
(2)
(p)T ba +2£X
(1)
(p)T ba +
{
£Y −£
2
X
}
(p)T ba , (3.4)
where gauge-invariant parts
(1)
(p)T ba and
(2)
(p)T ba of the first- and the second-order per-
turbations are given by
(1)
(p)T ba :=
(
(1)
E +
(1)
P
)
uau
b+
(1)
P δ
b
a + (ǫ+ p)
(
ua
(1)
U b −Hbcucua+
(1)
Ua u
b
)
, (3.5)
(2)
(p)T ba :=
(
(2)
E +
(2)
P
)
uau
b + 2
(
(1)
E +
(1)
P
)
ua
(
(1)
U b −Hbcuc
)
+ 2
(
(1)
E +
(1)
P
)
(1)
Ua u
b
+(ǫ+ p) ua
(
(2)
U b −2Hbc
(1)
Uc +2H
bcHcdu
d − Lbdud
)
+2 (ǫ+ p)
(1)
Ua
(
(1)
U b −Hbcuc
)
+ (ǫ+ p)
(2)
Ua u
b+
(2)
P δ
b
a , (3.6)
where we defined
(1)
Ua:= gab
(1)
Ub,
(2)
Ua:= gab
(2)
Ub . (3.7)
We also note that the fluid four-velocities u¯a and ua should satisfy the normal-
ization conditions of the four-velocity
g¯abu¯au¯a = g
abuaub = −1. (3.8)
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These normalization conditions yield
ua
(1)
Ua =
1
2
Habu
aub, (3.9)
ua
(2)
Ua = −gcb
(
(1)
U b −Hdbud
)(
(1)
U c −Hacua
)
+
1
2
Labu
aub. (3.10)
We have to emphasize that the perturbative expressions (3.3) and (3.4) are not
definitions but the results which are derived from the definitions (2.26)–(2.28). These
are natural results from general formulae (2.20) and (2.21). However, these results
imply that the framework developed in KN2003 and KN2005 does work in the case
of the perturbations of the energy momentum tensor of a perfect fluid.
3.1.2. Perturbations of the continuity equation
Here, we consider the perturbations of the continuity equation for the perfect
fluid which is derived from u¯a∇¯b
(p)T¯ ba = 0. This equation yields
C¯
(p)
0 := u¯
a∇¯aǫ¯+ (ǫ¯+ p¯)θ¯ = 0. (3.11)
The energy density ǫ¯ and the pressure p¯ are expanded as Eqs. (2.23), (2.24), respec-
tively. Further, as shown in Appendix A, the four-velocity u¯a and the expansion θ¯
associated with the four-velocity u¯a are expanded as Eq. (A.46) and (A.85). Through
these equations, we obtain the perturbative expansion of the continuity equation as
C¯
(p)
0 = C
(p)
0 + λ
(1)C
(p)
0 +
1
2
λ2(2)C
(p)
0 +O(λ
3) = 0, (3.12)
where the continuity equation of each order is given as follows:
C
(p)
0 := u
a∇aǫ+ (ǫ+ p) θ = 0, (3.13)
(1)C
(p)
0 := u
a∇a
(1)
ǫ +
(1)
(ua) ∇aǫ+
(
(1)
ǫ +
(1)
p
)
θ+
(1)
θ (ǫ+ p) = 0, (3.14)
(2)C
(p)
0 := u
a∇a
(2)
ǫ +2
(1)
(ua) ∇a
(1)
ǫ +
(2)
(ua) ∇aǫ
+θ
(
(2)
ǫ +
(2)
p
)
+ 2
(1)
θ
(
(1)
ǫ +
(1)
p
)
+
(2)
θ (ǫ+ p) = 0. (3.15)
The gauge-invariant variables for each order perturbations of ǫ¯, p¯, u¯a, and θ¯
are also given by Eqs. (2.26)–(2.28), (A.48), (A.49), (A.89)–(A.92). In terms of
these gauge-invariant variables, the first- and the second-order perturbations (3.14)
and (3.15) of the continuity equation are given in the gauge-invariant form. First,
we derive the gauge-invariant expression of the first-order perturbation (3.14) of
the continuity equation (3.11). Substituting Eqs. (2.26), (A.48), and (A.89) into
Eq. (3.14), we can decompose the first-order perturbation (1)C
(p)
0 into the gauge-
invariant and gauge-variant parts as
(1)C
(p)
0 =
(1)C
(p)
0 +£XC
(p)
0 , (3
.16)
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where
(1)C
(p)
0 := u
a∇a
(1)
E +
(
(1)
Ua −Habub
)
∇aǫ+
(
(1)
E +
(1)
P
)
θ + (ǫ+ p)
(1)
Θ . (3.17)
We note that Eq. (3.16) has the same form as Eq. (2.20). By virtue of the background
continuity equation (3.13), the first-order perturbation (3.14) of the continuity equa-
tion is given in a gauge-invariant form:
(1)C
(p)
0 = 0. (3.18)
Further, through the definitions (2.26)–(2.28) and the decomposition formulae (A.48),
(A.49), (A.89), and (A.91), the second-order perturbation (2)C
(p)
0 of the continuity
equation defined by (3.15) is decomposed into the form
(2)C
(p)
0 =
(2)C
(p)
0 + 2£X
(1)C
(p)
0 +
(
£Y −£
2
X
)
C
(p)
0 , (3.19)
where
(2)C
(p)
0 = u
a∇a
(2)
E +
(
(2)
Ua −2Hab
(1)
Ub +2H
acHcbu
b − Labub
)
∇aǫ
+θ
(
(2)
E +
(2)
P
)
+
(2)
Θ (ǫ+ p) + 2
(
(1)
Ua −Habub
)
∇a
(1)
E
+2
(1)
Θ
(
(1)
E +
(1)
P
)
. (3.20)
We also note that Eq. (3.19) has the same form as Eq. (2.21). Through the back-
ground equation (3.13) and the first-order perturbation (3.14) of the continuity equa-
tion, the second-order perturbation (3.15) of the continuity equation is given in the
gauge-invariant form:
(2)C
(p)
0 = 0. (3.21)
Thus, we have obtained the gauge-invariant form of the first- and the second-order
perturbations of the continuity equation for a perfect fluid through the lower order
equations without any gauge fixing.
3.1.3. Perturbations of the Euler equation
Here, we consider the perturbations of the Euler equations. The component of
∇¯b
(p)T¯ ba = 0 orthogonal to u¯
a gives the Euler equation
C¯
(p)
b := (ǫ¯+ p¯)a¯b + g¯
acq¯bc∇¯ap¯ = 0. (3.22)
Here, the three-metric q¯ab, the acceleration vector a¯b associated with the four-velocity
u¯a are defined by Eqs. (A.3), (A.45), and (A.65) in Appendix A. Substituting
the perturbative expansions (2.23), (2.24), (A.50), (A.4), and (A.47) into the Euler
equation (3.22), we obtain the expansion form of Eq. (3.22) as
C¯
(p)
b =: C
(p)
b + λ
(1)C
(p)
b +
1
2
λ2(2)C
(p)
b +O(λ
3) = 0. (3.23)
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Then, we obtain the Euler equation of each order:
C
(p)
b := (ǫ+ p) ab + g
acqbc∇ap = 0, (3.24)
(1)C
(p)
b := (ǫ+ p)
(1)
(ab) +
(
(1)
ǫ +
(1)
p
)
ab + g
acqbc∇a
(1)
p
+gac
(1)
(qbc) ∇ap− h
acqbc∇ap = 0, (3.25)
(2)C
(p)
b := (ǫ+ p)
(2)
(ab) +2
(
(1)
ǫ +
(1)
p
) (1)
(ab) +
(
(2)
ǫ +
(2)
p
)
ab + g
acqbc∇a
(2)
p
+2gac
(1)
(qbc) ∇a
(1)
p +gac
(2)
(qbc) ∇ap− 2h
acqbc∇a
(1)
p
−2hac
(1)
(qbc) ∇ap+
(
2hadh cd − l
ac
)
qbc∇ap = 0. (3.26)
As in the case of the continuity equation, the first- and the second-order pertur-
bations (3.25) and (3.26) of the Euler equation should be given in the gauge-invariant
form. First, we consider the gauge-invariant expression of the first-order perturba-
tion (3.25) of the Euler equation. Substituting Eqs. (2.8), (2.26), (A.8), and (A.54),
we obtain the expression of (1)C
(p)
b as
(1)C
(p)
b =
(1)C
(p)
b +£XC
(p)
b , (3
.27)
where
(1)C
(p)
b := (ǫ+ p)
(1)
Ab +
(
(1)
E +
(1)
P
)
ab + g
acqbc∇a
(1)
P
+gac
(1)
Qbc ∇ap− g
adgceHdeqbc∇ap, (3.28)
The equation (3.27) has the same form as Eq. (2.20). By virtue of the background
Euler equation (3.24), the first-order perturbation (3.25) of the Euler equation is
given in a gauge-invariant form:
(1)C
(p)
b = 0. (3
.29)
Second, through the definitions (2.26), (2.27) of gauge invariant variables, and the
decomposition formulae (2.8), (2.10), (A.8), (A.9), (A.54), and (A.55) of gauge-
invariant variables, the second-order perturbation (2)C
(p)
b defined by (3
.26) is decom-
posed in the form
(2)C
(p)
b =
(2)C
(p)
b + 2£X
(1)C
(p)
b +
(
£Y −£
2
X
)
C
(p)
b , (3
.30)
where
(2)C
(p)
b := (ǫ+ p)
(2)
Ab +
(
(2)
E +
(2)
P
)
ab + g
acqbc∇a
(2)
P +g
ac
(2)
Qbc ∇ap
−gadgceLdeqbc∇ap+ 2
(
(1)
E +
(1)
P
)
(1)
Ab +2g
ac
(1)
Qbc ∇a
(1)
P −2Hacqbc∇a
(1)
P
−2Hac
(1)
Qbc ∇ap+ 2H
adgceHdeqbc∇ap. (3.31)
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The equation (3.30) has the same form as Eq. (2.21). Through the background
equation (3.24) and the first-order perturbation (3.25) of the Euler equation, the
second-order perturbation (3.26) of the Euler equation is given in the gauge-invariant
form:
(2)C
(p)
b = 0. (3
.32)
Thus, we have obtained the gauge-invariant form of the first- and the second-order
perturbations of the Euler equation for a perfect fluid without any gauge fixing.
3.2. Imperfect fluid
In this subsection, we consider the perturbative expressions of the energy mo-
mentum tensor and the equations of motion for an imperfect fluid which includes
important effects in the recent cosmology. We derive the gauge-invariant part of
the perturbations of the energy-momentum tensor (2.29) for an imperfect fluid in
§3.2.1. Then, we derive the gauge-invariant continuity equation for an imperfect fluid
§3.2.2. Further, we derive the generalized Navier-Stokes equation in §3.2.3, which
corresponds to the Euler equation for a perfect fluid.
3.2.1. Energy momentum tensor
To derive the perturbations of the energy momentum tensor for an imperfect
fluid, it is convenient to consider the perturbation of the contravariant energy flux
q¯a := g¯abqb:
q¯a =: qa + λ
(1)
(qa) +
1
2
λ2
(2)
(qa) +O(λ3). (3.33)
The perturbations
(1)
(qa) and
(2)
(qa) are given by the same procedure as the derivations
of the perturbations of u¯a in Appendix A.3 and these are decomposed into gauge-
invariant and gauge-variant parts:
(1)
(qa) =
(1)
Qa −Habqb +£Xq
a, (3.34)
(2)
(qa) =
(2)
Qa −qbL
ab − 2Hab
(1)
Qb +2H
acHcdq
d + 2£X
(1)
(qa) +£Y q
a −£2Xq
a, (3.35)
where we defined
(1)
Qa:= gab
(1)
Qb,
(2)
Qa:= gac
(2)
Qc . (3.36)
Further, π¯ ba := g¯
bcπ¯ac is expanded as
π¯ ba =: π
b
a + λ
(1)
(π ba ) +
1
2
λ2
(2)
(π ba ) +O(λ
3), (3.37)
and the similar procedure to decompose the perturbations of u¯a into the gauge-
invariant and the gauge-variant parts yields
(1)
(π ba ) =
(1)
Π ba −H
bcπac +£Xπ
b
a , (3.38)
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(2)
(π ba ) =
(2)
Π ba −2H
cb
(1)
Πca −πacL
cb + 2HcdH bd πac
+2£X
(1)
(π ba ) +£Y π
b
a −£
2
Xπ
b
a , (3.39)
where we defined
(1)
Π ba := g
bc
(1)
Πac,
(2)
Π ba := g
cb
(2)
Πca . (3.40)
The perturbative expansions of the traceless property [the last equation in Eqs.(2.32)]
of the anisotropic stress π¯ ba are given in gauge-invariant forms as
π aa = 0,
(1)
Π aa = H
acπac,
(2)
Π aa = πacL
ca + 2Hca
(1)
Πca −2H
cdH ad πac, (3.41)
where we used π aa =
(1)
(π ba )=
(2)
(π ba )= 0.
The orthogonal condition (2.31) of the energy flux q¯a to the four-velocity u¯a is
also expanded perturbatively through Eqs. (2.34) and (A.46). The perturbations of
the orthogonal condition (2.31) are given in the gauge-invariant form as follows:
uaqa = 0, (3.42)
ua
(1)
Qa = −qa
(1)
Ua +qaH
abub, (3.43)
ua
(2)
Qa = −qa
(2)
Ua +2qaH
ab
(1)
Ub −2qaH
acHcbu
b + qaL
abub
−2
(1)
Qa
(1)
Ua +2
(1)
Qa H
abub. (3.44)
Here, we have to emphasize that we did not fix any gauge choice. The perturbations
of the orthogonal conditions (2.31) are also decomposed into the gauge-invariant
and the gauge-variant parts as the formulae (2.20) and (2.21). Since the gauge-
variant parts of the perturbations of Eq. (2.31) are given by the Lie derivative of its
background value and the first-order perturbation of Eq. (2.31), the perturbations of
Eq. (2.31) are necessarily given in the gauge-invariant form through the lower order
perturbations of Eq. (2.31).
Similarly, the orthogonal condition [the second equation in Eqs. (2.32)] of the
anisotropic stress π¯ab to the four-velocity u¯
a are also perturbatively expanded through
Eqs. (A.46) and (2.35) and these are given by
uaπab = 0, (3.45)
ua
(1)
Πab = −
(1)
Ua πab +H
acucπab, (3.46)
ua
(2)
Πab = −
(2)
Ua πab + 2H
ac
(1)
Uc πab − 2H
acHcdu
dπab + L
acucπab
−2
(1)
Πab
(
(1)
Ua −Habub
)
, (3.47)
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where we have used the background orthogonal condition (3.45) for the anisotropic
stress ua and its first-order perturbation. Eqs. (3.46) and (3.47) are gauge-invariant.
This is due to the fact that the gauge-variant parts of the perturbations of u¯aπ¯ab are
given by the Lie derivative of the lower order perturbations of u¯aπ¯ab as Eqs. (2.20)
and (2.21) and these gauge-variant parts vanish as in the case of the perturbations
of the orthogonal condition u¯aq¯a = 0.
These orthogonal conditions (3.42)–(3.47) for the perturbations of the energy
flux and the anisotropic stress are necessary to specify the independent components of
the gauge-invariant parts of the perturbations of the energy flux and the anisotropic
stress.
Now, we consider the first- and the second-order perturbations of the imper-
fect part (i)T¯ ba of the energy momentum tensor for an imperfect fluid. Through
Eqs. (2.25), (A.46), (2.34), (3.33), and (3.37), the perturbative expansion of the
imperfect part (2.33) of the energy momentum tensor is expanded as
(i)T¯ ba =
(i)T ba + λ
(1)
(i)T ba +
1
2
λ2
(2)
(i)T ba +O(λ
3), (3.48)
where
(i)T ba = qau
b + uaq
b + π ba , (3.49)
(1)
(i)T ba = qa
(1)
(ub) +
(1)
(qa) u
b + ua
(1)
(qb) +
(1)
(ua) q
b+
(1)
(π ba ), (3.50)
(2)
(i)T ba = qa
(2)
(ub) +2
(1)
(qa)
(1)
(ub) +
(2)
(qa) u
b + ua
(2)
(qb) +2
(1)
(ua)
(1)
(qb) +
(2)
(ua) q
b
+
(2)
(π ba ) . (3.51)
Substituting (2.26), (A.48), (2.36), (3.34), and (3.38), into (3.50), the first-order
perturbation of the imperfect part of the energy momentum tensor for an imperfect
fluid is decomposed as
(1)
(i)T ba =
(1)
(i)T ba +£X
(i)T ba , (3.52)
where
(1)
(i)T ba = qa
(1)
U b +
(1)
Ua q
b+
(1)
Qa u
b + ua
(1)
Qb −2u(aqc)H
bc+
(1)
Π ba −πacH
bc. (3.53)
Further, through Eqs. (2.26)–(2.28), (3.34)–(2.36), (3.39), (A.48), and (A.49), the
second-order perturbation (3.51) of the imperfect part of the energy momentum
tensor for an imperfect fluid is decomposed as
(2)
(i)T ba =
(2)
(i)T ba +2£X
(1)
(i)T ba +
(
£Y −£
2
X
)
(i)T ba , (3.54)
where
(2)
(i)T ba = qa
(2)
U b −2qaH
bc
(1)
Uc +2qaH
bdHdcu
c − qaL
bcuc+
(2)
Qa u
b
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−uaqcL
bc − 2uaH
bc
(1)
Qc +2uaH
bcHcdq
d
+ua
(2)
Qb +
(2)
Ua q
b+
(2)
Π ba −2H
cb
(1)
Πca −πacL
cb + 2HcdH bd πac
+2
(1)
Qa
(1)
U b −2Hbcuc
(1)
Qa +2
(1)
Qb
(1)
Ua −2H
bcqc
(1)
Ua . (3.55)
Note that Eqs. (3.52) and (3.54) have the same form as Eqs. (2.20) and (2.21),
respectively.
Together with Eqs. (3.3) and (3.4) for the perfect fluid, the total energy momen-
tum tensor of each order is defined by
T¯ ba =: T
b
a + λ
(1)
T ba +
1
2
λ2
(2)
T ba +O(λ
3), (3.56)
T ba :=
(p)T ba +
(i)T ba ,
(1)
T ba :=
(1)
(p)T ba +
(1)
(i)T ba ,
(2)
T ba :=
(2)
(p)T ba +
(2)
(i)T ba . (3.57)
Further, the first- and the second-order perturbations of the total energy momentum
tensor are also decomposed into the gauge-variant and gauge-invariant parts:
(1)
T ba =
(1)
T ba +£XT
b
a , (3.58)
(2)
T ba =
(2)
T ba +2£X
(1)
T ba +
(
£Y −£
2
X
)
T ba . (3.59)
Through Eqs. (3.5) and (3.53), the gauge-invariant part
(1)
T ba of the first-order per-
turbation of the total energy momentum tensor is given by
(1)
T ba :=
(1)
(p)T ba +
(1)
(i)T ba (3.60)
=
(
(1)
E +
(1)
P
)
uau
b+
(1)
P δ ba + (ǫ+ p)
(
ua
(1)
U b −Hbcucua+
(1)
Ua u
b
)
+qa
(1)
U b +
(1)
Ua q
b+
(1)
Qa u
b + ua
(1)
Qb −2u(aqc)H
bc
+
(1)
Π ba −πacH
bc. (3.61)
On the other hand, through Eqs. (3.6), and (3.55), the gauge-invariant part
(2)
T ba of
the second-order perturbation of the total energy momentum tensor is given by
(2)
T ba :=
(2)
(p)T ba +
(2)
(i)T ba (3.62)
=
(
(2)
E +
(2)
P
)
uau
b + 2
(
(1)
E +
(1)
P
)
ua
(
(1)
U b −Hbcuc
)
+ 2
(
(1)
E +
(1)
P
)
(1)
Ua u
b
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+(ǫ+ p)ua
(
(2)
U b −2Hbc
(1)
Uc +2H
bcHcdu
d − Lbdud
)
+2 (ǫ+ p)
(1)
Ua
(
(1)
U b −Hbcuc
)
+ (ǫ+ p)
(2)
Ua u
b+
(2)
P δ ba .
+qa
(2)
U b −2qaH
bc
(1)
Uc +2qaH
bdHdcu
c − qaL
bcuc+
(2)
Qa u
b
−uaqcL
bc − 2uaH
bc
(1)
Qc +2uaH
bcHcdq
d + ua
(2)
Qb +
(2)
Ua q
b
+
(2)
Π ba −2H
cb
(1)
Πca −πacL
cb + 2HcdH bd πac
+2
(1)
Qa
(1)
U b −2Hbcuc
(1)
Qa +2
(1)
Qb
(1)
Ua −2H
bcqc
(1)
Ua . (3.63)
3.2.2. Perturbations of the continuity equation
The equation of motion ∇¯bT¯
b
a = 0 is decomposed into the tangential and normal
components to the four-velocity u¯a. The tangential component of ∇¯bT¯
b
a = 0 to u¯a
is given by
u¯b∇¯bǫ¯+ (ǫ¯+ p¯)θ¯ + q¯
ba¯b + ∇¯bq¯
b + π¯abB¯ab = 0, (3.64)
where we have used Eqs. (A.1), (A.2), and (A.65). Eq. (3.64) is the continuity
equation for an imperfect fluid. The normal components of ∇¯bT¯
b
a = 0 to the fluid
four-velocity u¯a is discussed in §3.2.3.
The first two terms in Eq. (3.64) coincide with C¯
(p)
0 defined by Eq. (3
.11) and
the perturbative expression of these two terms are given in §3.1.2. Then, we consider
the perturbative expression of the remaining terms in Eq. (3.64):
C¯
(i)
0 := g¯
ab
(
q¯aa¯b + ∇¯aq¯b
)
+ g¯acg¯bdπ¯abB¯cd. (3.65)
We expand this C¯
(i)
0 as
C¯
(i)
0 = C
(i)
0 + λ
(1)
C
(i)
0 +
1
2
λ2
(2)
C
(i)
0 +O(λ
3). (3.66)
The first term g¯abq¯aa¯b in Eq. (3.65) is expanded through Eqs. (2.34), (A.47), and
(A.50). The last term g¯acg¯bdπ¯abB¯cd in Eq. (3.65) is expanded through Eqs. (2.35),
(A.47), and (A.68). Therefore, to derive the explicit expression of C
(i)
0 ,
(1)
C
(i)
0 , and
(2)
C
(i)
0 , we have to derive the perturbative expression of the term ∇¯aq¯b. As in the case
of the perturbations of the tensor A¯ab which is derived in Appendix A.2, we can
derive the perturbative expansion of the tensor ∇¯aq¯b as follows:
∇¯aq¯b = ∇aqb + λ
(
∇a
(1)
(qb) −H
c
ab [h] qc
)
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+
1
2
λ2
(
∇a
(2)
(qb) −2H
c
ab [h]
(1)
(qc) −H
c
ab [l] qc + 2h
cdHabd [h] qc
)
+O(λ3). (3.67)
Substituting the expansion formulae (2.34), (2.35), (3.67), (A.47), (A.50), and
(A.68), the perturbations C
(i)
0 ,
(1)
C
(i)
0 , and
(2)
C
(i)
0 of C¯
(i)
0 defined by Eq. (3
.65) are given
by
C
(i)
0 = q
bab +∇bq
b + πabBab, (3.68)
(1)
C
(i)
0 = q
b
(1)
(ab) +
(1)
(qb) a
b +∇b
(1)
(qb) −g
abH cba [h] qc − habq
aab − hab∇
aqb
+πab
(1)
Bab +
(1)
(πab) B
ab − 2hbdπ
b
a B
ad, (3.69)
(2)
C
(i)
0 = q
b
(2)
(ab) +
(2)
(qb) a
b +∇b
(2)
(qb) −q
aablab −∇
aqblab
+
(2)
(πab) B
ab + πcd
(2)
Bcd −2lbdπ
abB da − g
abH cab [l] qc
+2gab
(1)
(qa)
(1)
(ab) −2g
abH cab [h]
(1)
(qc) +2g
abhcdHabd [h] qc − 2h
abqa
(1)
(ab)
−2hab
(1)
(qa) ab − 2h
ab∇a
(1)
(qb) +2h
abH cab [h] qc + 2h
ach bc qaab
+2hach bc ∇aqb + 2g
acgbd
(1)
(πab)
(1)
Bcd −4h
d
b π
cb
(1)
Bcd −4h
b
d
(1)
(πab) B
ad
+4hbfh
fdπcbBcd + 2hachbdπ
abBcd. (3.70)
Through Eqs. (2.8), (2.36), (2.37), (A.29), (A.54), and (A.72), the first-order
perturbation
(1)
C
(i)
0 of C¯
(i)
0 is decomposed as
(1)
C
(i)
0 =
(1)
C
(i)
0 +£XC
(i)
0 , (3.71)
where
(1)
C
(i)
0 := q
b
(1)
Ab +
(1)
Qb a
b +∇b
(1)
Qb −g
abH cab [H] qc −Habq
aab −Hab∇
aqb
+πab
(1)
Bab +
(1)
Πab B
ab − 2Hbdπ
b
a B
ad. (3.72)
Similarly, through Eqs. (2.8), (2.10), (2.36), (2.37), (A.29), (A.30), (A.54), (A.55),
(A.72), and (A.74), the second-order perturbation
(2)
C
(i)
0 is decomposed as
(2)
C
(i)
0 =
(2)
C
(i)
0 +2£X
(1)
C
(i)
0 +
(
£Y −£
2
X
)
C
(i)
0 , (3
.73)
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where
(2)
C
(i)
0 := q
b
(2)
Ab +
(2)
Qb a
b +∇b
(2)
Qb −q
aabLab −∇
aqbLab
+
(2)
Πab B
ab + πcd
(2)
Bcd −2Lbdπ
abB da − g
abH cab [L]qc
+2gabHcdHabd [H] qc + 2g
ab
(1)
Qa
(1)
Ab −2H
ab
(1)
Qa ab − 2H
abqa
(1)
Ab
−2Hab∇a
(1)
Qb −2g
abH cab [H]
(1)
Qc +2H
abH cab [H] qc + 2H
acHcbqaa
b
+2HacHab∇cq
b + 2gacgbd
(1)
Πab
(1)
Bcd −4Hbeg
deπcb
(1)
Bcd −4g
acHbd
(1)
Πab Bcd
+4HbdH
dfπcbBcf + 2H
bdHacπabBcd. (3.74)
Here again, we have confirmed that the perturbations
(1)
C
(i)
0 and
(2)
C
(i)
0 defined by
Eqs. (3.69) and (3.70) are decomposed into gauge-invariant and gauge-variant parts
as Eqs. (3.71) and (3.73), and these have the same forms as Eqs. (2.20) and (2.21),
respectively.
Hence, through Eqs. (3.12), (3.16), (3.19), (3.66), each order perturbation of
continuity equation for an imperfect fluid is given by the gauge-invariant form as
C
(p)
0 + C
(i)
0 = 0, (3
.75)
(1)
C
(p)
0 +
(1)
C
(i)
0 =
(1)
C
(p)
0 +
(1)
C
(i)
0 +£X
(
C
(p)
0 + C
(i)
0
)
=
(1)
C
(p)
0 +
(1)
C
(i)
0 = 0, (3
.76)
(2)
C
(p)
0 +
(2)
C
(i)
0 =
(2)
C
(p)
0 +
(2)
C
(i)
0 +2£X

 (1)C(p)0 +
(1)
C
(i)
0

+ (£Y −£2X) (C(p)0 + C(i)0 )
=
(2)
C
(p)
0 +
(2)
C
(i)
0 = 0, (3
.77)
where we used the background continuity equation (3.75) in the derivation of Eq. (3.76),
and used the background continuity equation (3.75) and its first-order perturbation
(3.76) in the derivation of Eq. (3.77).
3.2.3. Perturbations of the generalized Navier-Stokes equation
The normal component of ∇¯bT¯
b
a to u¯a for an imperfect fluid (2.29) is given by
(ǫ¯+ p¯) a¯b + q¯
a
c
(
∇¯ap¯+ u¯
b∇¯bq¯a + ∇¯bπ¯
b
a
)
+ q¯b
(
q¯cbθ¯ + B¯cb
)
= 0. (3.78)
This equation (3.78) is an extension of the Euler equation (3.22) for a perfect fluid
to the imperfect fluid case. In this paper, we call Eq. (3.78) as “the generalized
Navier-Stokes equation”.18)
As seen in the case of the Euler equation (3.22) for a perfect fluid, the first
two terms of the generalized Navier-Stokes equation (3.78) is given by C¯
(p)
c which
Perturbations of Matter Fields in the Second-order Gauge-invariant ... 21
is defined in Eq. (3.22). We call this C¯
(p)
c as “the perfect part” of the generalized
Navier-Stokes equation (3.78). Using this perfect part, the equation (3.78) is given
by
C¯(p)c + C¯
(i)
c = 0, (3.79)
where C¯
(i)
c is defined by
C¯(i)c := g¯
adq¯cd
(
u¯b∇¯bq¯a + g¯
be∇¯bπ¯ae
)
+ g¯beq¯e
(
q¯bcθ¯ + B¯bc
)
. (3.80)
We call this C¯
(i)
c as “the imperfect part” of the generalized Navier-Stokes equation
for an imperfect fluid. Since the perturbative expansion of the perfect part C¯
(p)
c is
already given in §3.1.3, we may concentrate on the perturbative expansion of the
imperfect part (3.80).
As in the cases of the imperfect part of the continuity equation for an imperfect
fluid, the imperfect part of the Navier-Stokes equation is perturbatively expanded
as
C¯
(i)
b =: C
(i)
b + λ
(1)
C
(i)
b +
1
2
λ2
(2)
C
(i)
b +O(λ
3). (3.81)
Here, C
(i)
b ,
(1)
C
(i)
b , and
(2)
C
(i)
b are given by the perturbative expansion of Eq. (3
.80)
through Eqs. (2.34), (3.67), (A.4), (A.46), (A.47), (A.68), (A.85), and the pertur-
bation of the tensor ∇¯bπ¯ae. To derive the perturbative expression of ∇¯bπ¯ae, the
perturbative expansion (2.35) of the anisotropic stress and the perturbation (A.25)
of the connection Ccba are used. Further, through Eqs. (2
.8), (2.10), (2.36), (2.37),
(A.8), (A.9), (A.29), (A.30), (A.72), (A.74), (A.89), (A.91), we can show that the
first- and the second-order perturbations of the imperfect part C¯
(i)
b are also decom-
posed into the gauge-invariant and the gauge-variant parts as
(1)
C
(i)
b =
(1)
C
(i)
b +£XC
(i)
b , (3
.82)
(2)
C
(i)
b =
(2)
C
(i)
b +£Y C
(i)
b −£
2
XC
(i)
b + 2£X
(1)
C
(i)
b . (3
.83)
These have the same form as Eqs. (2.20) and (2.21), respectively.
The derivations of the gauge-invariant part of
(1)
C
(i)
b and
(2)
C
(i)
b are straightforward.
Therefore, we just summarize the results, here. The details of these derivations can
be seen in the Appendix in Ref. 19). Through Eqs. (3.24)–(3.28), (3.30), and (3.31),
each order perturbation of the generalized Navier-Stokes equation for an imperfect
fluid is summarized as follows. The background generalized Navier-Stokes equation
is given by
C
(p)
b + C
(i)
b = (ǫ+ p) ab + g
acqbc∇ap
+qbd
(
uc∇cq
d +∇cπ
dc
)
+ qc (qcbθ +Bcb) (3.84)
= 0. (3.85)
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The first-order perturbation of the generalized Navier-Stokes equation is given by
(1)
C
(p)
b +
(1)
C
(i)
b =
(1)
C
(p)
b +
(1)
C
(i)
b +£X
(
C
(p)
b + C
(i)
b
)
, (3.86)
where
(1)
C
(p)
b +
(1)
C
(i)
b = (ǫ+ p)
(1)
Ab +
(
(1)
E +
(1)
P
)
ab + g
acqbc∇a
(1)
P
+gac
(1)
Qbc ∇ap− g
adgceHdeqbc∇ap+ qbdu
c∇c
(1)
Qd −qbducH
dcf [H]qf
+qbd
(1)
U c ∇cq
d − qbdH
ceue∇cq
d+
(1)
Qbd u
c∇cq
d −Hadqbdu
c∇cqa
−Hadqbd∇
cπac+
(1)
Qbd ∇cπ
dc − qbdHce∇
cπde
+qbd∇c
(1)
Πdc −qbdH
dcf [H]πfc − g
adqbdH
cf
c [H]πaf
−Hceqeqbcθ+
(1)
Qc qbcθ + q
c
(1)
Qbc θ + q
cqbc
(1)
Θ
+
(1)
Qc Bcb −H
ceqeBcb + q
c
(1)
Bcb . (3.87)
Then, the first-order perturbation of the generalized Navier-Stokes equation is given
in the gauge-invariant form as
(1)
C
(p)
b +
(1)
C
(i)
b = 0, (3
.88)
where we used the background equation (3.85) of the generalized Navier-Stokes equa-
tion. The second-order perturbation of the generalized Navier-Stokes equation is
given by
(2)
C
(p)
b +
(2)
C
(i)
b =
(2)
C
(p)
b +
(2)
C
(i)
b
+2£X

 (1)C(p)b +
(1)
C
(i)
b

+ {£Y −£2X}(C(p)b + C(i)b ) , (3.89)
where
(2)
C
(p)
b +
(2)
C
(i)
b = (ǫ+ p)
(2)
Ab +
(
(2)
E +
(2)
P
)
ab + g
acqbc∇a
(2)
P +g
ac
(2)
Qbc ∇ap
−gadgceLdeqbc∇ap+ 2
(
(1)
E +
(1)
P
)
(1)
Ab +2g
ac
(1)
Qbc ∇a
(1)
P
−2Hacqbc∇a
(1)
P −2Hac
(1)
Qbc ∇ap+ 2H
adgceHdeqbc∇ap
+qbdu
c∇c
(2)
Qd −qbducH
dcf [L]qf + 2qbducHfgH
dcg[H]qf
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+qbd
(2)
U c ∇cq
d − qbdL
ceue∇cq
d+
(2)
Qbd u
c∇cq
d − Ladqbdu
c∇cqa
−2qbducH
dcf [H]
(1)
Qf +2qbd
(1)
U c ∇c
(1)
Qd −2qbd
(1)
Uc H
dcf [H]qf
−2qbdH
ceue∇c
(1)
Qd +2qbdHceu
eHdcf [H]qf − 2qbdH
ce
(1)
Ue ∇cq
d
+2qbdHfgH
cfug∇cq
d + 2
(1)
Qbd u
c∇c
(1)
Qd −2
(1)
Qbd ucH
dcf [H]qf
+2
(1)
Qbd
(1)
U c ∇cq
d − 2
(1)
Qbd H
ceue∇cq
d − 2Hadqbdu
c∇c
(1)
Qa
+2Hadqbdu
cHacf [H]q
f − 2Hadqbd
(1)
U c ∇cqa + 2H
adqbdH
ceue∇cqa
−2Had
(1)
Qbd u
c∇cqa + 2HafH
fdqbdu
c∇cq
a −Ladqbd∇
cπac
+
(2)
Qbd ∇cπ
dc − qbdLce∇
cπde + qbd∇c
(2)
Πdc
−qbdH
dcf [L]πfc + 2g
adqbdHfgH
g
ac [H]π
fc − gadqbdH
cf
c [L]πaf
+2qbdHfgH
cg
c [H]π
df − 2Had
(1)
Qbd ∇
cπac + 2H
adqbdH
ce∇cπae
−2Hadqbd∇
c
(1)
(Πac) +2H
adqbdH
cf
a [H]πfc + 2H
adqbdH
cf
c [H]πaf
−2
(1)
Qbd Hce∇
cπde + 2
(1)
Qbd ∇c
(1)
Πdc −2
(1)
Qbd H
dcf [H]πfc
−2gad
(1)
Qbd H
cf
c [H]πaf − 2qbdHce∇
c
(1)
Πde +2qbdHapH
pd∇cπ
ac
+2qbdH
cqHqp∇cπ
dp + 2gadqbdH
ceH fac [H]πfe + 2qbdH
ceHecf [H]π
df
−2qbdH
dcf [H]
(1)
Πfc −2g
adqbdH
cf
c [H]
(1)
Πaf −L
ceqeqbcθ
+
(2)
Qc qbcθ + q
c
(2)
Qbc θ + q
cqbc
(2)
Θ
−2Hce
(1)
Qe qbcθ + 2H
cfHfeq
eqbcθ − 2H
ceqe
(1)
Qbc θ
−2Hceqeqbc
(1)
Θ +2
(1)
Qc
(1)
Qbc θ + 2
(1)
Qc qbc
(1)
Θ
+2qc
(1)
Qbc
(1)
Θ +
(2)
Qc Bcb − L
ceqeBcb
+qc
(2)
Bcb −2H
ce
(1)
Qe Bcb − 2H
ceqe
(1)
Bcb
+2
(1)
Qc
(1)
Bcb +2H
cdHdeq
eBcb. (3.90)
Through Eqs. (3.85) and (3.88), the second-order perturbation of the generalized
Navier-Stokes equation is given in the gauge-invariant form as
(2)
C
(p)
b +
(2)
C
(i)
b = 0. (3
.91)
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3.3. Scalar fluid
Here, we consider the perturbations of the energy momentum tensor (2.38) and
the Klein-Gordon equation of the single scalar field ϕ¯. Since the perturbative expres-
sion of the energy momentum tensor of the single scalar field is already discussed in
KN2007, we just summarize the formulae for the energy momentum tensor in §3.3.1.
After that, we consider the perturbations of the Klein-Gordon equation in §3.3.2.
3.3.1. Energy momentum tensor
Through the perturbative expansions (2.39) and (A.47) of the scalar field ϕ¯ and
the metric, the energy momentum tensor (2.38) is also expanded as
T¯ ba = T
b
a + λ
(1)
(
T ba
)
+
1
2
λ2(2)
(
T ba
)
+O(λ3). (3.92)
The background energy momentum tensor T ba is given by
T ba := ∇aϕg
bc∇cϕ−
1
2
δ ba (∇cϕ∇
cϕ+ 2V (ϕ)) . (3.93)
Further, through the decompositions (2.8), (2.10), (2.40), and (2.41) of the pertur-
bations of the metric and the scalar field, the perturbations of the energy momentum
tensor (1)
(
T ba
)
and (2)
(
T ba
)
are also decomposed into the gauge-invariant and the
gauge-variant parts as
(1)
(
T ba
)
=: (1)T ba +£XT
b
a , (3.94)
(2)
(
T ba
)
=: (2)T ba + 2£X
(1)
(
T ba
)
+
(
£Y −£
2
X
)
T ba , (3.95)
where the gauge-invariant parts (1)T ba and
(2)T ba of the first and the second order
are given by
(1)T ba := ∇aϕ∇
bϕ1 −∇aϕH
bc∇cϕ+∇aϕ1∇
bϕ
−
1
2
δ ba
(
∇cϕ∇
cϕ1 −∇cϕH
dc∇dϕ+∇cϕ1∇
cϕ+ 2ϕ1
∂V
∂ϕ
)
, (3.96)
(2)T ba := ∇aϕ∇
bϕ2 − 2∇aϕH
bc∇cϕ1 + 2∇aϕH
bdHdc∇
cϕ−∇aϕg
bdLdc∇
cϕ
+2∇aϕ1∇
bϕ1 − 2∇aϕ1H
bc∇cϕ+∇aϕ2∇
bϕ
−
1
2
δ ba
(
∇cϕ∇
cϕ2 − 2∇cϕH
dc∇dϕ1 + 2∇
cϕHdeHec∇dϕ
−∇cϕLdc∇
dϕ+ 2∇cϕ1∇
cϕ1 − 2∇cϕ1H
dc∇dϕ
+∇cϕ2∇
cϕ+ 2ϕ2
∂V
∂ϕ
+ 2ϕ21
∂2V
∂ϕ2
)
. (3.97)
We also note that in these derivations, we did not used the homogeneous condition
for the background scalar field ϕ and the decompositions (3.94) and (3.95) coincide
with the formulae (2.20) and (2.21), respectively.
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3.3.2. Klein-Gordon equation
Here, we consider the perturbation of the Klein-Gordon equation
C¯(K) := ∇¯
a∇¯aϕ¯−
∂V
∂ϕ¯
(ϕ¯) = 0. (3.98)
Through the perturbative expansions (2.39) and (2.7), the Klein-Gordon equation
(3.98) is expanded as
C¯(K) =: C(K) + λ
(1)
C(K) +
1
2
λ2
(2)
C(K) +O(λ
3), (3.99)
where
C(K) := ∇a∇
aϕ−
∂V
∂ϕ¯
(ϕ) = 0, (3.100)
(1)
C(K) := ∇
a∇aϕˆ1 − g
abH cab [h]∇cϕ− h
ab∇a∇bϕ− ϕˆ1
∂2V
∂ϕ¯2
(ϕ) = 0, (3.101)
(2)
C(K) := ∇
a∇aϕˆ2 − 2h
ab∇a∇bϕˆ1 − 2g
abH cab [h]∇cϕˆ1 + 2h
abH cab [h]∇cϕ
−gab
(
H cab [l]− 2h
cdHabd [h]
)
∇cϕ+ 2h
aeh be ∇a∇bϕ− l
ab∇a∇bϕ
−ϕˆ2
∂2V
∂ϕ¯2
(ϕ)− (ϕˆ1)
2 ∂
3V
∂ϕ¯3
(ϕ) = 0. (3.102)
Here, to derive the perturbative expansion of the kinetic terms of the Klein-Gordon
equation (3.98), we use the connection (A.25) between the covariant derivatives ∇¯a
and ∇a as in the case of the perturbative expansion of the tensor A¯ab in Appendix
A.2.
The first- and the second-order perturbations
(1)
C(K) and
(2)
C(K) of the Klein-Gordon
equation are also decomposed into the gauge-invariant and the gauge-variant parts.
Through Eqs. (2.8), (2.10), (2.40), (2.41), (A.29), and (A.30), the first- and the
second-order perturbations (3.101) and (3.102) of the Klein-Gordon equation are
decomposed as
(1)
C(K) =:
(1)
C(K) +£XC(K), (3.103)
(2)
C(K) =:
(2)
C(K) +2£X
(1)
C(K) +
(
£Y −£
2
X
)
C(K), (3.104)
where
(1)
C(K) := ∇
a∇aϕ1 −H
ac
a [H]∇cϕ−H
ab∇a∇bϕ− ϕ1
∂2V
∂ϕ¯2
(ϕ), (3.105)
(2)
C(K) := ∇
a∇aϕ2 −H
ac
a [L]∇cϕ+ 2H
ad
a [H]Hcd∇
cϕ− 2H aca [H]∇cϕ1
+2HabH cab [H]∇cϕ− L
ab∇a∇bϕ+ 2H
a
dH
db∇a∇bϕ− 2H
ab∇a∇bϕ1
−ϕ2
∂2V
∂ϕ¯2
(ϕ) − (ϕ1)
2 ∂
3V
∂ϕ¯3
(ϕ). (3.106)
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Here, we note that Eqs. (3.103) and (3.104) have the same form as Eqs. (2.20) and
(2.21), respectively.
By virtue of the background Klein-Gordon equation (3.100) and the first-order
perturbation (3.101) of the Klein-Gordon equation, the first- and the second-order
perturbation of the Klein-Gordon equation are given in terms of gauge-invariant
variables:
(1)
C(K)= 0,
(2)
C(K)= 0. (3.107)
§4. Energy momentum tensors and equations of motion in cosmological
situations
Here, we derive the explicit components of the energy momentum tensors and
the equations of motion for a perfect fluid, an imperfect fluid, and a scalar field.
In the derivation of these equations, we do not use any information of the Einstein
equations to guarantee the validity of the formulae to wide applications.
4.1. Perfect fluid
4.1.1. Energy momentum tensor
As shown in §3.1.1, the gauge-invariant parts of the first- and the second-
order perturbations of the energy momentum tensor for a perfect fluid are given
by Eqs. (3.5) and (3.6). From Eqs. (2.13), (A.12), and (A.13), the components of
the first-order perturbation of the energy-momentum tensor of the single perfect
fluid are given by
(1)
(p)T ηη = −
(1)
E ,
(1)
(p)T iη = − (ǫ+ p)
(
Di
(1)
v +
(1)
V i −
(1)
νi
)
, (4.1)
(1)
(p)T ηi = (ǫ+ p)
(
Di
(1)
v +
(1)
Vi
)
,
(1)
(p)T ji =
(1)
P δ
j
i . (4
.2)
Further, from the components of the first- and the second-order perturbations of the
fluid four-velocity which are given by Eqs. (A.12)–(A.14), the components (2.13) and
(2.15) of the first- and the second-order metric perturbations, the components of the
second-order perturbation of the energy-momentum tensor of the single perfect fluid
are given by
(2)
(p)T ηη = −
(2)
E −2 (ǫ+ p)
(
Di
(1)
v +
(1)
Vi
)(
Di
(1)
v +
(1)
V i −
(1)
νi
)
, (4.3)
(2)
(p)T ηi = 2
(
(1)
E +
(1)
P
)(
Di
(1)
v +
(1)
Vi
)
+(ǫ+ p)
(
Di
(2)
v +
(2)
Vi −2
(1)
Φ Di
(1)
v −2
(1)
Φ
(1)
Vi
)
, (4.4)
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(2)
(p)T iη = −2
(
(1)
E +
(1)
P
)(
Di
(1)
v +
(1)
V i −
(1)
νi
)
+(ǫ+ p)
{
−Di
(2)
v −
(2)
V i +
(2)
νi −2
(1)
Φ
(
Di
(1)
v +
(1)
V i
)
+2
(
−2
(1)
Ψ γ
ij+
(1)
χij
)(
Dj
(1)
v +
(1)
Vj −
(1)
νj
)}
, (4.5)
(2)
(p)T ji = 2 (ǫ+ p)
(
Di
(1)
v +
(1)
Vi
)(
Dj
(1)
v +
(1)
Vj −
(1)
νj
)
+
(2)
P δ
j
i . (4
.6)
In Eqs. (4.3)–(4.6), the vector- and the tensor-modes of the first-order perturbations
are included into our consideration, which are ignored in KN2007.
4.1.2. Perturbative continuity equation of a perfect fluid
Now, we derive the explicit expression of the first- and the second-order per-
turbations (3.18) and (3.21) of the continuity equation for a perfect fluid in the
cosmological situation. Before the derivation of the perturbations, we first show the
background continuity equation (3.13) in the cosmological situation, which is given
by
aC
(p)
0 = ∂ηǫ+ 3H (ǫ+ p) = 0. (4
.7)
Next, we consider the first-order perturbation (3.17) of the continuity equation:
a(1)C
(p)
0 = ∂η
(1)
E +3H
(
(1)
E +
(1)
P
)
+ (ǫ+ p)
(
∆
(1)
v −3∂η
(1)
Ψ
)
= 0, (4.8)
where we have used Eqs. (2.13), (A.12), (A.13), (A.93), (A.94), ǫ = ǫ(η), and (4.7).
On the other hand, the explicit expression of the second-order perturbation
(3.20) in the cosmological situation is given as follows. Through Eqs. (2.13), (2.15),
(A.12)–(A.14), (A.93)–(A.95), ǫ = ǫ(η), (4.7), and (4.8), the second-order perturba-
tion (2)C
(p)
0 of the continuity equation is given by
a(2)C
(p)
0 = ∂η
(2)
E +3H
(
(2)
E +
(2)
P
)
+
(
∆
(2)
v −3∂η
(2)
Ψ
)
(ǫ+ p)− Ξ
(p)
0 = 0, (4.9)
where
Ξ
(p)
0 := 2
[
6
(1)
Ψ ∂η
(1)
Ψ −
(
2
(1)
Ψ +
(1)
Φ
)
∆
(1)
v −
(1)
νk Dk
(1)
Ψ
+
(
Dk
(1)
v +
(1)
Vk
){
Dk
(
(1)
Ψ −
(1)
Φ
)
− ∂η
(
Dk
(1)
v +
(1)
Vk
)}
+
(1)
χik
{
Di
(
Dk
(1)
v +
(1)
Vk −
(1)
νk
)
+
1
2
∂η
(1)
χik
}]
(ǫ+ p)
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−2
(
Di
(1)
v +
(1)
V i −
(1)
νi
)
Di
(1)
E +2
(
3∂η
(1)
Ψ −∆
(1)
v
)(
(1)
E +
(1)
P
)
. (4.10)
4.1.3. Perturbation of the Euler equation
Here, we consider the explicit expressions of the perturbations (3.29) and (3.32)
of the Euler equation for the perfect fluid.
First, we consider the background Euler equation (3.24) in the cosmological
situation. In this case, the integral curve of the four-velocity ua = gabua, whose
component is given by Eq. (A.12), is a geodesic. Then, we obtain
ab = 0. (4.11)
Through the background Euler equation (3.24), this yields
q ab ∇ap = 0. (4.12)
This is supported by the homogeneous spatial distribution of the background pres-
sure. Therefore, the background Euler equation (3.24) is trivial due to the facts that
the matter distribution is spatially homogeneous.
Next, we consider the components of the gauge-invariant first-order perturbation
(3.29) of the Euler equation. Since the background fluid four-velocity ua is tangent
to geodesics, i.e., ab = 0, we can easily see that the η-component u
b(1)C
(p)
b of (3
.28) is
trivial due to the equations ubqbc = 0, Eqs. (A.17), (A.59), and (4.12). On the other
hand, the spatial component (i-component) of Eq. (3.28) gives the Euler equation
for the perfect fluid:
(1)C
(p)
i = (ǫ+ p)
{
(∂η +H)
(
Di
(1)
v +
(1)
Vi
)
+Di
(1)
Φ
}
+Di
(1)
P +∂ηp
(
Di
(1)
v +
(1)
Vi
)
= 0, (4.13)
where we have used Eqs. (2.13), (A.17), and (A.60). This equation can be decom-
posed into scalar- and vector-parts
(ǫ+ p)
{
(∂η +H)Di
(1)
v +Di
(1)
Φ
}
+Di
(1)
P +∂ηpDi
(1)
v = 0, (4.14)
(ǫ+ p) (∂η +H)
(1)
Vi +∂ηp
(1)
Vi = 0. (4.15)
Since the background value of the acceleration ab vanishes, the η-component of
(2)C
(p)
b in Eq. (3
.31) is given by
(2)C(p)η = 2
(1)C
(p)
i
(
(1)
νi −Di
(1)
v −
(1)
V i
)
= 0, (4.16)
where we have used Eqs. (A.17), (A.19), (A.59), (A.61), qηc = 0, p = p(η), and
(4.13). On the other hand, through Eq. (2.13), (A.20), (A.21), (A.60), and (A.
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the spatial component of the second-order perturbation (3.31) of the Euler equation
is given by
(2)C
(p)
i = (ǫ+ p)
{
(∂η +H)
(
Di
(2)
v +
(2)
Vi
)
+Di
(2)
Φ
}
+Di
(2)
P +∂ηp
(
Di
(2)
v +
(2)
Vi
)
− Ξ
(p)
i
= 0, (4.17)
where Ξ
(p)
i is the collection of the quadratic terms of the linear-order perturbations
defined by
Ξ
(p)
i := −2
(1)
Φ Di
{
(1)
P − (ǫ+ p)
(1)
Φ
}
−2 (ǫ+ p)
(
(1)
νj −Dj
(1)
v −
(1)
Vj
){
Di
(1)
νj −Dj
(
Di
(1)
v +
(1)
Vi
)}
−2
(
(1)
E +
(1)
P
){
Di
(1)
Φ +∂η
(
Di
(1)
v +
(1)
Vi
)
+H
(
Di
(1)
v +
(1)
Vi
)}
−2
(
Di
(1)
v +
(1)
Vi
)
∂η
(1)
P . (4.18)
As in the case of the first-order perturbations of the Euler equation, the equation
(4.17) is decomposed into the scalar- and the vector-parts as
(ǫ+ p)
{
(∂η +H)Di
(2)
v +Di
(2)
Φ
}
+Di
(2)
P +∂ηpDi
(2)
v = Di∆
−1DjΞ
(p)
j , (4
.19)
(ǫ+ p) (∂η +H)
(2)
Vi +∂ηp
(2)
Vi= Ξ
(p)
i −Di∆
−1DjΞ
(p)
j . (4
.20)
4.2. Imperfect fluid
4.2.1. Energy momentum tensor
Here, we consider the components of the each order perturbation of the energy
momentum tensor for an imperfect fluid in the context of cosmological perturba-
tions. In the context of the cosmological perturbations, the background spacetime
is homogeneous and isotropic and the energy momentum tensor on the background
spacetime is described by a perfect fluid. In other words, we can choose the four-
velocity ua of the dominant fluid so that the energy flux of the fluid vanishes,
qa = 0. (4.21)
Further, at the background level, we may neglect the anisotropic stress
πab = 0. (4.22)
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Then, the background energy momentum tensor is given by (3.2). Choosing the
coordinate system as Eqs. (A.12), the components of the projection operator q ba :=
gbcqac is given through Eq. (A.16) and the background energy momentum tensor is
given by Eq. (3.2).
Next, we consider the components of the gauge-invariant part of the first-order
perturbation of the energy momentum tensor for imperfect fluid. In the situation
where Eqs. (4.21) and (4.22) are satisfied, the properties (3.43) and (3.44) give the
η-component of the first- and the second-order perturbations of the energy flux are
given by
(1)
Qˆη= 0,
(2)
Qˆη= −2
(1)
Qˆi
(
Di
(1)
v +
(1)
V i −
(1)
νi
)
, (4.23)
where we defined
(1)
Qa=: a
(1)
Qˆa,
(2)
Qa=: a
(2)
Qˆa, and used Eqs. (2.13) and (A.13). In the
same situation, Eq. (3.46) and (3.47) are given by
(1)
Πˆηη= 0 =
(1)
Πˆiη,
(2)
Πˆηη= 0,
(2)
Πˆηi= −2
(1)
Πˆji
(
Dj
(1)
v +
(1)
Vj −
(1)
νj
)
(4.24)
through Eqs. (2.13) and (A.13), where we defined
(1)
Πab=: a
2
(1)
Πˆab and
(2)
Πab=: a
2
(2)
Πˆab.
Further, the traceless properties (3.41) of the gauge-invariant parts of the first- and
the second-order perturbations of the anisotropic stress are given by
γji
(1)
Πˆji= 0, γ
ji
(2)
Πˆji= 2
(1)
χki
(1)
Πˆki . (4.25)
The components of the gauge-invariant part (3.61) of the first-order perturbation
of the total energy momentum tensor for an imperfect fluid are summarized as
(1)
T ηη = −
(1)
E ,
(1)
T ηi = (ǫ+ p)
(
Di
(1)
v +
(1)
Vi
)
+
(1)
Qˆi,
(1)
T iη = − (ǫ+ p)
(
Di
(1)
v +
(1)
V i −
(1)
νi
)
−
(1)
Qˆi,
(1)
T ji =
(1)
P γ
j
i +
(1)
Πˆ ji , (4
.26)
where we have defined
(1)
Qˆi:= γij
(1)
Qˆj and
(1)
Πˆ ji := γ
jk
(1)
Πˆik. On the other hand, in
the same situation, the components of the gauge-invariant part (3.63) of the second-
order perturbation of the total energy momentum tensor for an imperfect fluid are
summarized as
(2)
T ηη = −
(2)
E −2 (ǫ+ p)
(
Di
(1)
v +
(1)
V i
)(
Di
(1)
v +
(1)
Vi −
(1)
νi
)
−2
(1)
Qˆi
(
2Di
(1)
v +2
(1)
V i −
(1)
νi
)
, (4.27)
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(2)
T ηi = 2
(
(1)
E +
(1)
P
)(
Di
(1)
v +
(1)
Vi
)
+ (ǫ+ p)
{
Di
(2)
v +
(2)
Vi −2
(1)
Φ
(
Di
(1)
v +
(1)
Vi
)}
+
(2)
Qˆi −2
(1)
Φ
(1)
Qˆi +2
(1)
Πˆij
(
Dj
(1)
v +
(1)
Vj
)
, (4.28)
(2)
T iη = 2
(
(1)
E +
(1)
P
)((1)
νi −Di
(1)
v −
(1)
V i
)
+(ǫ+ p)
{
−Di
(2)
v −
(2)
V i +
(2)
νi −2
(1)
Φ
(
Di
(1)
v +
(1)
V i
)
+2
(
−2
(1)
Ψ γil+
(1)
χil
)(
Dl
(1)
v +
(1)
Vl −
(1)
νl
)}
−
(2)
Qˆi −2
(
(1)
Φ +2
(1)
Ψ
) (1)
Qˆi +2
(1)
χil
(1)
Qˆl −2
(1)
Πˆki
(
Dk
(1)
v +
(1)
Vk −
(1)
νk
)
, (4.29)
(2)
T ji = 2 (ǫ+ p)
(
Di
(1)
v +
(1)
Vi
)(
Dj
(1)
v +
(1)
Vj −
(1)
νj
)
+
(2)
P δ
j
i
+2
(1)
Qˆi
(
Dj
(1)
v +
(1)
Vj −
(1)
νj
)
+ 2
(1)
Qˆj
(
Di
(1)
v +
(1)
Vi
)
+
(2)
Πˆ ji +4
(1)
Ψ
(1)
Πˆ ji −2
(1)
χjm
(1)
Πˆim, (4.30)
where we have used Eqs. (2.13), (2.15), (4.23), (A.12)–(A.14), and defined
(2)
Qˆi:=
γij
(2)
Qˆj and
(2)
Πˆ ji := γ
jk
(2)
Πˆik.
4.2.2. Perturbative continuity equation of an imperfect fluid
Here, we derive the explicit expression of each order perturbation of the con-
tinuity equation (3.75), (3.76), and (3.77) for an imperfect fluid in terms of the
components of the gauge-invariant variables.
Since we consider the situation where Eqs. (4.21) and (4.22) are satisfied, the
background continuity equation coincides with Eq.(4.7) for a perfect fluid. In the
same situation, the gauge-invariant expression (3.76) of the first-order perturbation
of the continuity equation for an imperfect fluid is given by
a

 (1)C(p)0 +
(1)
C
(i)
0

 = ∂η (1)E +3H
(
(1)
E +
(1)
P
)
+ (ǫ+ p)
(
∆
(1)
v −3∂η
(1)
Ψ
)
+Dj
(1)
Qˆj= 0, (4.31)
where we have used Eqs. (A.76) and (4.23).
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Next, we consider the explicit expression of the second-order perturbation (3.77)
of the continuity equation for an imperfect fluid in the situation where Eqs. (4.11),
(4.21), and (4.22) are satisfied. In this situation, the gauge-invariant imperfect part
(3.74) of the second-order perturbation of the continuity equation is given by
a
(2)
C
(i)
0 = D
i
(2)
Qˆi +4
(1)
Ψ Di
(1)
Qˆi −2
(1)
χik Di
(1)
Qˆk +2∂η
(1)
Qˆi
(
Di
(1)
v +
(1)
V i
)
+2
(1)
Qˆi
{
Di
(
2
(1)
Φ −
(1)
Ψ
)
+ 2 (∂η + 2H)
(
Di
(1)
v +
(1)
V i
)}
+2
(1)
Πˆik
(
Di
(
Dk
(1)
v +
(1)
Vk −
(1)
νk
)
+
1
2
∂η
(1)
χik
)
, (4.32)
where we have used Eqs. (2.13), (4.23)–(4.25), (A.59), (A.60), and (A.76)–(A.79).
Together with the perfect part (4.9) of the continuity equation, the explicit form
of the second-order perturbation (3.77) of the continuity equation for an imperfect
fluid is given by
a

 (2)C(p)0 +
(2)
C
(i)
0

 = ∂η (2)E +3H
(
(2)
E +
(2)
P
)
+
(
∆
(2)
v −3∂η
(2)
Ψ
)
(ǫ+ p)
+Di
(2)
Qˆi −Ξ
(p+i)
0 , (4.33)
where we defined
Ξ
(p+i)
0 := −2
[(
2
(1)
Ψ +
(1)
Φ
)
∆
(1)
v +
(1)
νk Dk
(1)
Ψ −6
(1)
Ψ ∂η
(1)
Ψ
+
(
Dk
(1)
v +
(1)
Vk
){
Dk
(
(1)
Φ −
(1)
Ψ
)
+ ∂η
(
Dk
(1)
v +
(1)
Vk
)}
+
(1)
χik
{
Di
(
(1)
νk −Dk
(1)
v −
(1)
Vk
)
−
1
2
∂η
(1)
χik
}]
(ǫ+ p)
−2
(
Di
(1)
v +
(1)
V i −
(1)
νi
)
Di
(1)
E −2
(
∆
(1)
v −3∂η
(1)
Ψ
)(
(1)
E +
(1)
P
)
−2Di
(1)
Qˆk
(
2
(1)
Ψ γ
ik−
(1)
χik
)
− 2∂η
(1)
Qˆi
(
Di
(1)
v +
(1)
V i
)
−4
(1)
Qˆi
{
Di
(
(1)
Φ −
1
2
(1)
Ψ
)
+ (∂η + 2H)
(
Di
(1)
v +
(1)
V i
)}
−2
(1)
Πˆik
{
Di
(
Dk
(1)
v +
(1)
Vk −
(1)
νk
)
+
1
2
∂η
(1)
χik
}
. (4.34)
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4.2.3. Perturbations of the generalized Navier-Stokes equation
Here, we derive the explicit expression of each order perturbation (3.85), (3.88),
and (3.91) of the generalized Navier-Stokes equation in terms of the components of
the gauge-invariant variables.
First, in the situation where Eqs. (4.21) and (4.22) are satisfied, the back-
ground generalized Navier-Stokes equation (3.85) coincides with the background
Euler equation (3.24) for a perfect fluid. Therefore, we obtain Eq. (4.11), again
due to Eqs. (4.21) and (4.22). Hence, the background generalized Navier-Stokes
equation (3.85) is trivial as mentioned above.
Next, we consider the first-order perturbation (3.88) of the generalized Navier-
Stokes equation. As seen in §4.2.1, through Eqs. (4.11), (4.23)–(4.25), (A.16), (A.17),
and (A.76), we can easily see that the η-component of the first-order perturbation
(3.87) is trivial. On the other hand, in the same situation, the spatial component of
Eq. (3.87) is given by
(1)
C
(p)
i +
(1)
C
(i)
i = (ǫ+ p)
(
(∂η +H)
(
Di
(1)
v +
(1)
Vi
)
+Di
(1)
Φ
)
+Di
(1)
P +∂ηp
(
Di
(1)
v +
(1)
Vi
)
+ (∂η + 4H)
(1)
Qˆi +D
k
(1)
Πˆik (4.35)
= 0, (4.36)
where we have used Eqs. (2.13), (4.23), (4.24), (A.12), (A.16)–(A.18), (A.60), (A.76),
and (A.93). The scalar-part of the generalized Navier-Stokes equation (4.36) is given
by
(ǫ+ p)
{
(∂η +H)Di
(1)
v +Di
(1)
Φ
}
+Di
(1)
P +∂ηpDi
(1)
v
+Di∆
−1Dj
[
(∂η + 4H)
(1)
Qˆj +D
k
(1)
Πˆjk
]
= 0. (4.37)
Subtracting Eq. (4.37) from Eq. (4.36), we obtain the vector-part of the first-order
perturbation (4.36) of the generalized Navier-Stokes equation:
(ǫ+ p) (∂η +H)
(1)
Vi +∂ηp
(1)
Vi +(∂η + 4H)
(1)
Qˆi +D
k
(1)
Πˆik
−Di∆
−1Dj
[
(∂η + 4H)
(1)
Qˆj +D
k
(1)
Πˆjk
]
= 0. (4.38)
Finally, we consider the explicit expression of the second-order perturbation
of the generalized Navier-Stokes equation given by (3.91). In the situation where
Eqs. (4.11), (4.21) and (4.22) are satisfied, the η-component of this generalized
Navier-Stokes equation (3.90) is trivial due to the i-component of the first-order
perturbation (4.36). Actually, through Eqs. (4.23)–(4.25), (A.17)–(A.21), (A.59)–
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(A.62), (A.77)–(A.79), and (A.93), the η-component of Eq. (3.90) is given by
(2)
C(p)η +
(2)
C(i)η = 2

 (1)C(p)i +
(1)
C
(i)
i


(
(1)
νi −Di
(1)
v −
(1)
V i
)
= 0. (4.39)
On the other hand, the i-component of the second-order perturbation (3.90) of the
generalized Navier-Stokes equation is given by
(2)
C
(p)
i +
(2)
C
(i)
i = (ǫ+ p)
{
(∂η +H)
(
Di
(2)
v +
(2)
Vi
)
+Di
(2)
Φ
}
+Di
(2)
P
+∂ηp
(
Di
(2)
v +
(2)
Vi
)
+ (∂η + 4H)
(2)
Qˆi +D
k
(2)
Πˆik −Ξ
(p+i)
i
= 0, (4.40)
where
Ξ
(p+i)
i := 2 (ǫ+ p)
(1)
Φ Di
(1)
Φ
−2 (ǫ+ p)
(
(1)
νj −Dj
(1)
v −
(1)
Vj
){
Di
(1)
νj −Dj
(
Di
(1)
v +
(1)
Vi
)}
−2
(
(1)
E +
(1)
P
){
(∂η +H)
(
Di
(1)
v +
(1)
Vi
)
+Di
(1)
Φ
}
−2
(
Di
(1)
v +
(1)
Vi
)
∂η
(1)
P −2
(1)
Φ Di
(1)
P
+2
(
3∂η
(1)
Ψ −∆
(1)
v
) (1)
Qˆi +2
{
Di
(1)
νj −Dj
(
Di
(1)
v +
(1)
Vi
)}
(1)
Qˆj
+2
(
(1)
νm −Dm
(1)
v −
(1)
Vm
)
Dm
(1)
Qˆi
−2
{(
(1)
Φ +2
(1)
Ψ
)
γkn−
(1)
χnk
}
Dn
(1)
Πˆik −2
(
Dj
(1)
v +
(1)
Vj
)
∂η
(1)
Πˆij
+2
{
Dj
(
(1)
Ψ −
(1)
Φ
)
− (∂η + 4H)
(
Dj
(1)
v +
(1)
Vj
)}
(1)
Πˆij
+Di
(1)
χmk
(1)
Πˆkm . (4.41)
Equation (4.40) is also decomposed into the scalar- and the vector-part in the similar
form to Eqs. (4.37) and (4.38) with an additional source term −Ξ
(p+i)
i .
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4.3. Scalar field
In the inflationary scenario of the very early universe, scalar fields play important
roles which drive the inflation itself and generate the seed of the density fluctuations
through their quantum fluctuations. Keeping in our mind the applications of our
framework of the second-order perturbation theory to this inflationary scenario, in
this subsection, we summarize the explicit expressions of the perturbative the energy
momentum tensor and the Klein-Gordon equation.
4.3.1. Energy momentum tensor
Here, we derive the explicit expression of the components of the energy momen-
tum tensors (3.93), (3.96), (3.97) for a single scalar field with the potential V (φ) in
gauge-invariant form.
In the cosmological situation, we consider the homogeneous background field:
ϕ = ϕ(η). (4.42)
Through the background metric (2.12), the components of the background the energy
momentum tensor (3.93) are given by
T ηη = −
1
2a2
(∂ηϕ)
2 − V (ϕ¯), T iη = 0 = T
η
i , (4
.43)
T ji =
1
2a2
{
(∂ηϕ)
2 − 2a2V (ϕ¯)
}
γ ji . (4
.44)
Through the components (2.13) of the gauge-invariant part of the first-order metric
perturbation, the components of the first-order perturbation of the energy-momentum
tensor of a single scalar field are given by
(1)T ηη = −
1
a2
{
∂ηϕ∂ηϕ1−
(1)
Φ (∂ηϕ)
2 + a2
∂V
∂ϕ
ϕ1
}
, (4.45)
(1)T iη =
1
a2
∂ηϕ
(
Diϕ1+
(1)
νi ∂ηϕ
)
, (4.46)
(1)T ηi = −
1
a2
Diϕ1∂ηϕ, (4.47)
(1)T ji =
1
a2
γ ji
{
∂ηϕ∂ηϕ1−
(1)
Φ (∂ηϕ)
2 − a2
∂V
∂ϕ
ϕ1
}
. (4.48)
Finally, we consider the gauge-invariant part (3.97) of the second-order pertur-
bation of the energy momentum tensor for a scalar field. Through the components
(2.13) and (2.15) of the gauge-invariant parts of the first- and the second-order metric
perturbations and the homogeneous background condition (4.42), the components
of the second-order perturbation of the energy-momentum tensor for a single scalar
field are given by
(2)T ηη = −
1
a2
{
∂ηϕ∂ηϕ2 − (∂ηϕ)
2
(2)
Φ +a2ϕ2
∂V
∂ϕ
− 4∂ηϕ
(1)
Φ ∂ηϕ1 + 4(∂ηϕ)
2(
(1)
Φ )2
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−(∂ηϕ)
2
(1)
νi
(1)
νi +(∂ηϕ1)
2 +Diϕ1D
iϕ1 + a
2(ϕ1)
2 ∂
2V
∂ϕ2
}
, (4.49)
(2)T ηi = −
1
a2
{
∂ηϕ
(
Diϕ2 − 4Diϕ1
(1)
Φ
)
+ 2Diϕ1∂ηϕ1
}
, (4.50)
(2)T iη =
1
a2
[
∂ηϕD
iϕ2 + 2∂ηϕ1D
iϕ1 + 2∂ηϕ
(
2
(1)
νi ∂ηϕ1 + 2
(1)
Ψ D
iϕ1−
(1)
χil Dlϕ1
)
+(∂ηϕ)
2
(
(2)
νi −4
(1)
Φ
(1)
νi +4
(1)
Ψ
(1)
νi −2
(1)
χik
(1)
νk
)]
, (4.51)
(2)T ji =
2
a2
[
Diϕ1D
jϕ1 +Diϕ1
(1)
νj ∂ηϕ
+
1
2
γ ji
{
+∂ηϕ
(
∂ηϕ2 − 4
(1)
Φ ∂ηϕ1 − 2
(1)
νl D
lϕ1
)
+(∂ηϕ)
2
(
4(
(1)
Φ )
2−
(1)
νl
(1)
νl −
(2)
Φ
)
+ (∂ηϕ1)
2 −Dlϕ1D
lϕ1
−a2ϕ2
∂V
∂ϕ
− a2(ϕ1)
2 ∂
2V
∂ϕ2
}]
. (4.52)
In the components (4.49)–(4.52), the vector- and the tensor-modes of the first-order
perturbations are included into our consideration, which are ignored in KN2007.
4.3.2. Perturbative Klein-Gordon equations
Here, we consider the explicit expression of the gauge-invariant part of each or-
der perturbation (3.100) and (3.107) of the Klein-Gordon equation in the context of
cosmological perturbations. Since the background field ϕ in cosmology is homoge-
neous and the background metric is given by (2.12), the background Klein-Gordon
equation (3.100) yields
− a2C(K) = ∂
2
ηϕ+ 2H∂ηϕ+ a
2 ∂V
∂ϕ¯
(ϕ) = 0. (4.53)
On the other hand, the gauge-invariant part
(1)
C(K) of the first-order perturbation of
C¯(K), which is defined by Eq. (3.105), is explicitly given by
− a2
(1)
C(K) = ∂
2
ηϕ1 + 2H∂ηϕ1 −∆ϕ1 −
(
∂η
(1)
Φ +3∂η
(1)
Ψ
)
∂ηϕ
+2a2
(1)
Φ
∂V
∂ϕ¯
(ϕ) + a2ϕ1
∂2V
∂ϕ¯2
(ϕ) = 0, (4.54)
where we have used the background metric (2.12), the components (2.13) of the
gauge-invariant part of the linear-order metric perturbation, the homogeneous con-
dition (4.42) for the background field ϕ, and the background Klein-Gordon equation
(4.53).
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Finally, we consider the explicit expression of the gauge-invariant second-order
perturbation of the Klein-Gordon equation in Eqs. (3.107). The gauge-invariant
expression of
(2)
C(K) for the Klein-Gordon equation is defined by (3.106). Through
Eqs. (2.13), (2.15), (4.42), and the background Klein-Gordon equation (4.53) and its
first-order perturbation (4.54), the explicit expression of
(2)
C(K) is given by
− a2
(2)
C(K) = ∂
2
ηϕ2 + 2H∂ηϕ2 −∆ϕ2 −
(
∂η
(2)
Φ +3∂η
(2)
Ψ
)
∂ηϕ
+2a2
(2)
Φ
∂V
∂ϕ¯
(ϕ) + a2ϕ2
∂2V
∂ϕ¯2
(ϕ) − Ξ(K) = 0, (4.55)
where we defined
Ξ(K) := 2∂η
(
(1)
Φ +3
(1)
Ψ
)
∂ηϕ1 + 2D
i
(
(1)
Φ −
(1)
Ψ
)
Diϕ1 + 4
(
(1)
Φ +
(1)
Ψ
)
∆ϕ1
−4a2
(1)
Φ ϕ1
∂2V
∂ϕ¯2
(ϕ)− a2(ϕ1)
2∂
3V
∂ϕ¯3
(ϕ)
+2 (∂η + 2H)
(1)
νi Diϕ1 + 4
(1)
νi ∂ηDiϕ1 − 2
(1)
χij DjDiϕ1
+2
{
−2
(1)
Φ ∂η
(1)
Φ +6
(1)
Ψ ∂η
(1)
Ψ −D
i
(
(1)
Φ +
(1)
Ψ
)
(1)
νi
+
(1)
νi ∂η
(1)
νi −
(1)
χij
(
Di
(1)
νj −
1
2
∂η
(1)
χij
)}
∂ηϕ
−2a2
(1)
νi
(1)
νi
∂V
∂ϕ¯
(ϕ). (4.56)
§5. Summary and Discussions
In summary, we have derived the explicit expressions of the second-order pertur-
bations of the energy momentum tensor for a perfect fluid, an imperfect fluid, and
a scalar field. Further, we also derived the explicit expression of the second-order
perturbations the continuity equation and the Euler equation for a perfect fluid,
the continuity equation and the generalized Navier-Stokes equation for an imperfect
fluid, and the Klein-Gordon equation for a scalar field. As in KN2007,5) we have
again confirmed that the general formulation of the second-order perturbation the-
ory developed in the papers KN20039) and KN200510) does work and it is applicable
to the perturbations of the energy momentum tensors and the equations of motion
for matter fields in the cosmological perturbation theory. In the derivations of these
equations, we have again seen that the decomposition formulae (2.20) and (2.21)
of the perturbations for the arbitrary fields play crucial roles in the gauge-invariant
perturbation theory. Since the general relativistic higher-order perturbation theory
requires the long algebraic calculations, in many cases, it is difficult to have con-
fidence in the resulting long equations. In spite of this fact, we showed that all
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perturbative variables are decomposed into the gauge-invariant and gauge-variant
variables in the forms (2.20) and (2.21). This implies that the decomposition formu-
lae (2.20) and (2.21) are useful to check whether the resulting equations are correct
or not. This is the main point of this paper.
As mentioned in Introduction (§1), there are some attempts of the derivations
of the perturbative expressions of the evolution equations of matter fields to the
second-order.16) For example, Noh and Hwang16) also summarized the formulae
of the energy momentum tensor, equations of motion for an imperfect fluid in the
cosmological situation up to second order without any gauge fixing. However, they
implicitly imposed so-called “normal frame condition” in their formulae. In our
notation, this normal frame condition corresponds to Di
(1)
v +
(1)
Vi = Di
(2)
v +
(2)
Vi
= 0. Due to this condition, their formulae are not equivalent to ours. Further, their
formulae include gauge degree of freedom and the resulting formulae have some
complicated forms. On the other hand, in this paper, all formulae are given in terms
of gauge-invariant variables and there is no gauge ambiguity in these expressions. In
this sense, the formulae in this paper are irreducible. We also have to emphasize that
we did not fix any gauge when we derive any perturbative formulae in this paper. The
gauge-invariant treatments of perturbations are equivalent to the complete gauge-
fixing method. Therefore, we have realized the complete gauge-fixing without any
gauge fixing. This is an advantage of the gauge-invariant perturbation theory in this
paper.
As emphasized in KN2007, the key point of our procedure is in the assumption
which state that we already know the procedure to decompose the first-order metric
perturbation into the gauge-invariant and variant parts. Mathematically speaking,
this assumption is expressed by the statement that there is a vector field Xa which
is constructed from some components of the linear-order metric perturbation so that
its gauge transformation rule is given by the second equation in Eqs. (2.9) and the
linear-order metric perturbation is decomposed as Eq. (2.8). As shown in KN2007
this assumption is correct at least in the cosmological perturbation case. However,
even in the cosmological perturbation case, homogeneous modes of perturbations
are excluded from our consideration because we assumed the existence of the Green
functions ∆−1, (∆ + 2K)−1, and (∆ + 3K)−1. These homogeneous modes of the
cosmological perturbations will be some dynamical degrees of freedom in compact
universes and we cannot say that these modes are unphysical. If we want to in-
clude these homogeneous modes into our considerations, separate treatments will
be required. Besides this detailed problem to extend the domain of functions for
perturbations to includes homogeneous modes, the above assumption is correct on
some background spacetime other than the cosmological background spacetime.11)
Therefore, we propose a conjecture that the above assumption is correct on any
background spacetime. To clarify whether this conjecture is true or not, non-local
arguments on the background spacetime will be necessary, since gauge-invariant vari-
ables are non-local one by their definitions.
Even if the assumption is correct on any background spacetime, the other prob-
lem is in the interpretations of the gauge-invariant variables. We have commented
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on the non-uniqueness in the definitions of the gauge-invariant variables in §2.2.
This non-uniqueness in the definition of gauge-invariant variables also leads some
ambiguities in the interpretations of gauge-invariant variables. Although the pre-
cise interpretations of the gauge-invariant variables will be accomplished by the
clarification of the relations between gauge-invariant variables and observables in
experiments and observations, some geometrical interpretations are given through
the explicit expressions of the gauge-invariant variables for the perturbations of ge-
ometrical quantities like the acceleration a¯a, the expansion θ¯, the shear σ¯ab, and the
rotation ω¯ab. For example, it is well-known that the expressions (A.59) and (A.60)
of the first-order perturbation of the acceleration vector give the clear interpretation
of the scalar-mode
(1)
Φ of the first-order metric perturbation. If u¯a is a tangent to a
geodesic even in the first-order perturbation, Eq. (A.60) gives the equation of motion
of a free-falling object in expanding universe and we can regard the scalar function
(1)
Φ as the Newton gravitational potential. Further, the similar interpretation for
(2)
Φ
is also possible through Eq. (A.62) though the quadratic terms of the linear-order
perturbations in Eq. (A.62) are difficult to interpret. Similarly,
(1)
Ψ and
(2)
Ψ contribute
to the expansion of the first- and the second-order perturbations of the expansion as
in Eqs. (A.94) and (A.95), respectively, and the vector- and tensor-modes
(1)
νi ,
(2)
νi ,
(1)
χij ,
and
(2)
χij contribute to the perturbations of the shear tensor through Eq. (A.106) and
(A.109). As seen in these equations, the contributions of the second-order gauge-
invariant variables
(2)
Φ ,
(2)
Ψ ,
(2)
νi , and
(2)
χij to the gauge-invariant part of the second-order
perturbations of the geometrical quantities θ¯, σ¯ab, ω¯ab are similar to the contribution
of the first-order gauge-invariant variables
(1)
Φ ,
(1)
Ψ ,
(1)
νi , and
(1)
χij of the first-order met-
ric perturbation to the gauge-invariant part of the first-order perturbations of these
geometrical quantities. Therefore, we may regard the gauge-invariant variables
(2)
Φ ,
(2)
Ψ ,
(2)
νi , and
(2)
χij for the second-order metric perturbation are natural extensions of the
gauge-invariant variables
(1)
Φ ,
(1)
Ψ ,
(1)
νi , and
(1)
χij for the first-order perturbations to the
second-order one and the geometrical interpretations of these second-order variables
will be similar to those of the first-order one.
In all derivations of the perturbative expressions of the energy momentum ten-
sors and the equations of motion in §3, we did not use any information of the Einstein
equations nor equations of state for the matter fields. This implies that the formu-
lae in §3 are valid for the very wide class of perturbation theories of gravitational
field. However, we have to emphasize that the equations of motion derived in §4
are not able to solve by themselves. These equations include metric perturbations.
Therefore, to solve these equations, we have to use the Einstein equations. Further,
we have treated the anisotropic stress and the energy flux in the case of an imper-
fect fluid as independent variables of other perturbative variables. If we specify the
micro-physics, these variables are related to the other perturbative variables.7), 14)
Therefore, in general, it is meaningless to try to discuss the solutions to the equations
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derived in §4 by themselves. To discuss the solutions to them, we have to treat the
Einstein equations and we have to specify the interactions between matter fields at
micro- or macro-physical level.
Finally, we can show that these equations of motion are not independent of the
perturbative Einstein equations in the case where the spacetime is filled with a single
matter field.20) This is a natural result because the Einstein equation includes the
equations of motion for the matter field through the Bianchi identity at least in the
case of the single matter content. Therefore, we may concentrate on the Einstein
equations when we solve the system of the single matter field. On the other hand,
when we consider the multi-fluids or multi-fields system, we will have to specify
the interactions between these matter fields and to treat the equations of motion
derived in this paper, seriously. Therefore, in the realistic situations of cosmology,
the formulae summarized in this paper will play crucial role.
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Appendix A
Perturbations of geometrical quantities
The explicit expressions of the perturbative equations of motion for fluids in §3
are given by the perturbative expansions of the fluid component ǫ¯, p¯, u¯a q¯a, and π¯ab
as Eqs. (2.23)–(2.25), (2.34)–(2.35) together with the perturbative expansion (2.7)
of the metric perturbation. Further, to derive the perturbations of the equations of
motion for matter fields, it is convenient to consider the perturbation of the tensor
∇¯au¯b. From the components of the tensor ∇¯au¯b, we define the acceleration, the
expansion, the shear, and the rotation associated with the four-velocity u¯a. The
acceleration a¯b are defined by
a¯b := u¯
a∇¯au¯b (A.1)
and the expansion, the shear, and the rotation are defined as the trace, the traceless
symmetric part, the antisymmetric part of the tensor
B¯ab := q¯
c
a q¯
d
b ∇¯cu¯d = ∇¯au¯b + u¯aa¯b, (A.2)
Perturbations of Matter Fields in the Second-order Gauge-invariant ... 41
respectively. In this Appendix, we show the perturbations of the tensor field ∇¯au¯b
and the acceleration, expansion, shear, and rotation. All of the perturbations of
these geometrical quantities are also decomposed into the gauge-invariant and the
gauge-variant parts as Eqs. (2.20) and (2.21).
A.1. Components of the gauge-invariant three-metric
Before discussing the components of the perturbations of tensor B¯ab, we first
derive the components of the perturbation of the three-metric q¯ab, which is defined
by
q¯ab := g¯ab + u¯au¯b (A.3)
and it is expanded as
q¯bc = qbc + λ
(1)
(qbc) +
1
2
λ2
(2)
(qbc) +O(λ
3). (A.4)
From the perturbative expansions (2.7), (2.25), each order perturbation of the three
metric is summarized as
qab := gab + uaub, (A.5)
(1)
(qab) := hab + ua
(1)
(ub) +
(1)
(ua) ub, (A.6)
(2)
(qab) := lab + ua
(2)
(ub) +2
(1)
(ua)
(1)
(ub) +
(2)
(ua) ub. (A.7)
Further, substituting the decompositions (2.8), (2.10) of the first- and the second-
order metric perturbations and the definitions of the gauge-invariant variables for
the first- and the second-order perturbations of the fluid four-velocity in Eqs. (2.26)
and (2.28) into Eqs. (A.6) and (A.7), we can show that each order perturbation of
q¯ab is decomposed into the gauge-invariant and gauge-variant parts as
(1)
(qbc) =
(1)
Qbc +£Xqbc, (A.8)
(2)
(qbc) =
(2)
Qbc +2£X
(1)
(qbc) +
{
£Y −£
2
X
}
qbc. (A.9)
Here, the gauge-invariant parts
(1)
Qab and
(2)
Qab are defined by
(1)
Qab := Hab + ua
(1)
Ub +
(1)
Ua ub, (A.10)
(2)
Qab := Lab + ua
(2)
Ub +
(2)
Ua ub + 2
(1)
Ua
(1)
Ub . (A.11)
To derive the components of the gauge-invariant part (A.10) and (A.11) of the
perturbative three-metric, the components of the gauge-invariant part of the fluid
four-velocity are necessary. Components of the background and the first-order per-
turbations of the four-velocity are summarized as
ua = −a(dη)a, (A.12)
42 K. Nakamura
(1)
Ua = −a
(1)
Φ (dη)a + a
(
Di
(1)
v +
(1)
Vi
)
(dxi)a, D
i
(1)
Vi= 0, (A.13)
(2)
Ua =
(2)
Uη (dη)a + a
(
Di
(2)
v +
(2)
Vi
)
(dxi)a, D
i
(2)
Vi= 0, (A.14)
where the η-component of the first-order perturbation
(1)
Ua is determined by Eq. (3.9)
and the η-component of the gauge-invariant part
(2)
Ua in Eq. (A.14) is given by
(2)
Uη = a
{(
(1)
Φ
)2
−
(2)
Φ −
(
Di
(1)
v +
(1)
Vi −
(1)
νi
)(
Di
(1)
v +
(1)
V i −
(1)
νi
)}
(A.15)
through Eq. (3.10), where we have used the components (2.13) and (2.15) of the
first- and the second-order metric perturbations.
The components of the background three-metric qab defined by Eq. (A.5) is given
by
qab = a
2γij(dx
i)a(dx
j)b =: a
2γab. (A.16)
Through Eqs. (2.13), (A.12), and (A.13), the components of the gauge-invariant part
(A.10) of the first-order perturbation of the three-metric, which is defined by (A.10),
are given by
(1)
Qηη = 0,
(1)
Qiη=
(1)
Qηi= a
2
(
(1)
νi −Di
(1)
v −
(1)
Vi
)
, (A.17)
(1)
Qij = Hij = a
2
(
−2
(1)
Ψ γij+
(1)
χij
)
. (A.18)
Similarly, through Eqs. (2.15), (A.12)–(A.15), the components of the gauge-invariant
part of the second-order perturbation of the three-metric, which is defined by Eq. (A.11),
are summarized as
(2)
Qηη = 2a
2
(
Di
(1)
v +
(1)
Vi −
(1)
νi
)(
Di
(1)
v +
(1)
V i −
(1)
νi
)
, (A.19)
(2)
Qiη =
(2)
Qηi= a
2
{
(2)
νi −Di
(2)
v −
(2)
Vi −2
(1)
Φ
(
Di
(1)
v +
(1)
Vi
)}
, (A.20)
(2)
Qij = a
2
{
−2
(2)
Ψ γij+
(2)
χij +2
(
Di
(1)
v +
(1)
Vi
)(
Dj
(1)
v +
(1)
Vj
)}
. (A.21)
A.2. Perturbation of the tensor A¯ab = ∇¯au¯b
Here, we consider the perturbation of the tensor defined by
A¯ab := ∇¯au¯b. (A.22)
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The covariant derivative ∇¯a associated with the metric g¯ab on the physical spacetime
is related to the covariant derivative ∇a associated with the background metric gab
as
A¯ab = ∇au¯b − C
c
bau¯c, (A.23)
where the connection Ccba is given by
Ccab =
1
2
g¯cd (∇ag¯db +∇bg¯da −∇dg¯ab) (A.24)
=: λH cab [h] +
1
2
λ2
(
H cab [l]− 2h
cdHabd [h]
)
+O(λ3), (A.25)
where we defined
Habc [t] :=
1
2
(∇atcb +∇btca −∇ctab) , H
c
ab [t] := g
cdHabd [t] (A.26)
for any tensor tab of the second rank. Through Eqs. (2.25) and (A.25), the tensor
A¯ab is expanded as
A¯ab = ∇aub + λ
(
∇a
(1)
(ub) −H
c
ba [h] uc
)
+
1
2
λ2
{
∇a
(2)
(ub) −2H
c
ab [h]
(1)
(uc) −
(
H cab [l]− 2h
cdHabd [h]
)
uc
}
+O(λ3) (A.27)
=: Aab + λ
(1)
Aab +
1
2
λ2
(2)
Aab +O(λ
3). (A.28)
Further, through Eqs. (2.8) and (2.10), the first- and the second-order pertur-
bations of the connection (A.25) are given by
H cab [h] = H
c
ab [H] +∇a∇bX
c +R caeb X
e, (A.29)
H cab [l]− 2h
cdHabd [h] = H
c
ab [L]− 2H
cdHabd [H]
+2£XH
c
ab [h] +∇a∇bY
c + Y eR caeb
−£X (∇a∇bX
c +R caeb X
e) . (A.30)
The components of the tensor H cab [H] are summarized in Appendix of KN2007 and
the components of H cab [L] can be derived from the components of H
c
ab [H] by the
replacements
(1)
Φ→
(2)
Φ ,
(1)
νi→
(2)
νi ,
(1)
Ψ→
(2)
Ψ ,
(1)
χij→
(2)
χij . (A.31)
Then, through the last equation in Eqs. (2.26) and (A.29), the first-order per-
turbation of the tensor A¯ab in Eq. (A.28) is decomposed as
(1)
Aab =
(1)
Aab +£XAab, (A.32)
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where
(1)
Aab := ∇a
(1)
Ub −ucH
c
ab [H] . (A.33)
(1)
Aab in Eq. (A.33) is the gauge-invariant part of the first-order perturbation
(1)
Aab of the
tensor A¯ab and we have verified that the first-order perturbation
(1)
Aab is decomposed
as Eq. (2.20). Similarly, through the last equation in Eqs. (2.26), (2.28), (A.29), and
(A.30), the second-order perturbation
(2)
Aab in Eq. (A.28) of A¯ab is decomposed as
(2)
Aab =
(2)
Aab +£YAab −£
2
XAab + 2£X
(1)
Aab, (A.34)
where
(2)
Aab := ∇a
(2)
Ub −ucH
c
ba [L] + 2ucH
cdHbad [H]− 2H
c
ba [H]
(1)
Uc . (A.35)
(2)
Aab in Eq. (A.34) is the gauge-invariant part of the second-order perturbation
(2)
Aab
of A¯ab and we have verified that the second-order perturbation
(2)
Aab is decomposed
as Eq. (2.21).
Now, we consider the components of gauge-invariant parts of the perturbations
of the tensor A¯ab. First, we consider the components of the background value Aab.
Through Eq. (A.12), we obtain
Aab = aHγij(dx
i)a(dx
j)b = aHγab, (A.36)
where H := ∂ηa/a. The components of the gauge-invariant parts
(1)
Aab of the first-
order perturbation of the tensor A¯ab are summarized as
(1)
Aηη = 0, (A.37)
(1)
Aηi = a
(
∂ηDi
(1)
v +∂η
(1)
Vi +Di
(1)
Φ +H
(1)
νi
)
, (A.38)
(1)
Aiη = −aH
(
Di
(1)
v +
(1)
Vi −
(1)
νi
)
, (A.39)
(1)
Aij = a
{
DiDj
(1)
v +Di
(1)
Vj −D(i
(1)
νj) −
(
H
(1)
Φ +2H
(1)
Ψ +∂η
(1)
Ψ
)
γij
+H
(1)
χij +
1
2
∂η
(1)
χij
}
. (A.40)
Finally, the components of the gauge-invariant part
(2)
Aab of the second-order pertur-
bation of the tensor A¯ab are summarized as
(2)
Aηη = 2a
{
∂η
(
Di
(1)
v +
(1)
Vi
)
+H
(1)
νi +Di
(1)
Φ
}(
(1)
νi −Di
(1)
v −
(1)
V i
)
, (A.41)
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(2)
Aiη = a
{
H
(
(2)
νi −Di
(2)
v −
(2)
Vi
)
− 2H
(1)
Φ
(1)
νi
+
(
(1)
νj −Dj
(1)
v −
(1)
Vj
)(
2DiDj
(1)
v +2Di
(1)
Vj −2∂η
(1)
Ψ γij
+∂η
(1)
χij −2D(i
(1)
νj)
)}
, (A.42)
(2)
Aηi = a
{(
∂ηDi
(2)
v +∂η
(2)
Vi +Di
(2)
Φ +H
(2)
νi
)
− 2
(1)
Φ
(
Di
(1)
Φ +H
(1)
νi
)
+
(
Dj
(1)
v +
(1)
Vj −
(1)
νj
)(
2∂η
(1)
Ψ γij − ∂η
(1)
χij −2D[i
(1)
νj]
)}
, (A.43)
(2)
Aij = a
[
DiDj
(2)
v +Di
(2)
Vj −D(i
(2)
νj) −
(
2H
(2)
Ψ +H
(2)
Φ +∂η
(2)
Ψ
)
γij
+
1
2
∂η
(2)
χij +H
(2)
χij
+
(1)
Φ
{
2D(i
(1)
νj) +
(
4H
(1)
Ψ +3H
(1)
Φ +2∂η
(1)
Ψ
)
γij − ∂η
(1)
χij −2H
(1)
χij
}
+
(
Dk
(1)
v +
(1)
Vk −
(1)
νk
)(
4D(i
(1)
Ψ γj)k − 2Dk
(1)
Ψ γij
−2D(i
(1)
χj)k +Dk
(1)
χij
)
−Hγij
(1)
νk
(1)
νk +Hγij
(
Dk
(1)
v +
(1)
Vk
)(
Dk
(1)
v +
(1)
Vk
)]
, (A.44)
where we have used Eqs. (2.13), (2.15), (A.12)–(A.14), and the components of
H cab [H] and H
c
ab [L] summarized in Appendix in KN2007. The components
(1)
Aηη ,
(1)
Aiη,
(2)
Aηη, and
(2)
Aiη are also derived from the perturbations of the identity u¯
bA¯ab = 0.
A.3. Perturbation of the acceleration a¯b = u¯
c∇¯cu¯b
Here, we consider the perturbations of the acceleration which is defined by
a¯b := u¯
c∇¯cu¯b = u¯
cA¯cb. (A.45)
To obtain the perturbations of the acceleration, it is convenient to introduce
perturbations of the contravariant four-velocity u¯a which is expanded as
u¯a = ua + λ
(1)
(ua) +
1
2
λ2
(2)
(ua) +O(λ3), (A.46)
To obtain the relation between the perturbations u¯a and u¯a of the fluid four-velocity,
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we have to consider the perturbations of the inverse metric g¯ab which is given by
g¯ab = gab − λhab +
1
2
λ2
(
2hach bc − l
ab
)
+O(λ3). (A.47)
Through Eqs. (2.25) and (A.47), we obtain the relation between perturbations of
u¯a and u¯a of each order. Further, through Eqs. (2.8), (2.10), (2.26), and (2.28),
the first- and the second-order perturbations of u¯a are also decomposed into the
gauge-invariant and the gauge-variant parts as
(1)
(ua) =
(1)
Ua −Habub +£Xu
a, (A.48)
(2)
(ua) =
(2)
Ua −2Hab
(1)
Ub +2H
acHcbu
b − Labub
+2£X
(
gab
(1)
(ub) −h
abub
)
+£Y u
a −£2Xu
a, (A.49)
where we used Eq. (3.7). These formulae are also given in KN2007 and we also
note that Eqs. (A.48) and (A.49) have the same form as Eqs. (2.20) and (2.21),
respectively.
Through the expansion formulae (A.28) and (A.46), the acceleration a¯b is also
expanded as
a¯b = ab + λ
(1)
(ab) +
1
2
λ2
(2)
(ab) +O(λ
3) (A.50)
and we easily see that each order perturbation of the acceleration a¯b is given by
ab := u
aAab = u
a∇aub, (A.51)
(1)
(ab) := u
a
(1)
Aab +
(1)
(ua) Aab, (A.52)
(2)
(ab) := u
a
(2)
Aab +2
(1)
(ua)
(1)
Aab +
(2)
(ua) Aab. (A.53)
Substituting Eqs. (A.32) and (A.48) into Eq. (A.52), we easily see that the first-
order perturbation of the acceleration is decomposed into gauge-invariant and gauge-
variant parts as
(1)
(ab) =
(1)
A b +£Xab. (A.54)
Further, substituting Eqs. (A.32), (A.34), (A.48), and (A.49) into Eq. (A.53), we
easily see that the second-order perturbation of the acceleration is decomposed into
gauge-invariant and gauge-variant parts as
(2)
(ab) =
(2)
Ab +2£X
(1)
(ab) +
{
£Y −£
2
X
}
ab. (A.55)
Here, we have defined the gauge-invariant parts
(1)
A b and
(2)
Ab of the first- and the
second-order perturbations of the accelerations by
(1)
Ab := u
a
(1)
Aab +
(1)
Ua Aab −H
acucAab, (A.56)
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(2)
Ab := u
a
(2)
Aab +
(2)
Ua Aab − L
acucAab − 2H
ac
(1)
Uc Aab + 2H
acHcdu
dAab
+2
(1)
Aab
(1)
Ua −2
(1)
Aab H
acuc. (A.57)
We note again that Eqs. (A.54) and (A.55) have the same forms as Eqs. (2.20) and
(2.21), respectively.
Now, we consider the explicit components of the gauge-invariant parts of the
perturbations of the acceleration a¯b associated with the fluid four-velocity u¯a through
Eqs.(A.56) and (A.57). First, we consider the components of the background value
of the acceleration associated with the four-velocity
ab = u
aAab = aHu
aγab = 0, (A.58)
where we have used Eq. (A.36). Next, though Eqs. (2.13), (A.12), (A.13), (A.36)–
(A.40), and (A.56), the components of the gauge-invariant part
(1)
Aa of the first-order
perturbation of the acceleration are summarized as follows:
(1)
Aη = 0, (A.59)
(1)
Ai = Di
(1)
Φ +(∂η +H)
(
Di
(1)
v +
(1)
Vi
)
. (A.60)
Finally, we consider the components of the gauge-invariant part (A.57) of the second-
order perturbation of the acceleration. By the direct calculations through Eqs. (2.13),
(2.15), (3.7), (A.12)–(A.14), (A.36)–(A.40), and (A.41)–(A.44), the components of
the gauge-invariant part
(2)
Aa of the acceleration are given by
(2)
Aη = 2
(1)
Ai
(
(1)
νi −Di
(1)
v −
(1)
V i
)
, (A.61)
(2)
Ai = (∂η +H)
(
Di
(2)
v +
(2)
Vi
)
+Di
(2)
Φ
−2
(1)
Φ
{
2Di
(1)
Φ +(∂η +H)
(
Di
(1)
v +
(1)
Vi
)}
+2
(
(1)
νj −Dj
(1)
v −
(1)
Vj
)(
Di
(1)
νj −DjDi
(1)
v −Dj
(1)
Vi
)
. (A.62)
We can easily check the components (A.59)–(A.62) are consistent with the pertur-
bation of the identity u¯ba¯b = 0.
A.4. Perturbation of the tensor B¯ab := A¯ab + u¯aa¯b
Here, we consider the perturbations of the tensor field B¯ab defined by Eq. (A.2),
which is also written by
B¯ab = A¯ab + u¯aa¯b (A.63)
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through the tensor A¯ab defined by Eq. (A.22). The tensor B¯ab is also decomposed
into the trace part and the traceless part. Further, the traceless part of the tensor
B¯ab is also classified into the symmetric part and the antisymmetric part:
B¯ab =
1
3
q¯abθ¯ + σ¯ab + ω¯ab, (A.64)
θ¯ := q¯abB¯ab = ∇¯cu¯
c, (A.65)
σ¯ab := B¯(ab) −
1
3
q¯abθ¯, (A.66)
ω¯ab := B¯[ab]. (A.67)
θ¯, σ¯ab, and ω¯ab are called the expansion, the shear, and the rotation associated with
the four-velocity u¯a, respectively.
The perturbative expansions of the tensor B¯ab is given by
B¯ab = Bab + λ
(1)
Bab +
1
2
λ2
(2)
Bab +O(λ
3). (A.68)
On the other hand, the perturbative expansion of the tensor B¯ab is also given by the
direct expansion of Eq. (A.63). Comparing these perturbative expansions, we obtain
Bab = Aab + uaab, (A.69)
(1)
Bab =
(1)
Aab +ua
(1)
ab +
(1)
(ua) ab, (A.70)
(2)
Bab =
(2)
Aab +ua
(2)
(ab) +
(2)
(ua) ab + 2
(1)
(ua)
(1)
(ab) . (A.71)
Further, substituting Eqs. (A.32), (A.54), and (2.28) into Eq. (A.70), we can decom-
pose the first-order perturbation
(1)
Bab of B¯ab into gauge-invariant and gauge-variant
parts as
(1)
Bab =
(1)
Bab +£XBab, (A.72)
where the gauge-invariant part
(1)
Bab is defined by
(1)
Bab :=
(1)
Aab +ua
(1)
Ab +
(1)
Ua ab. (A.73)
Note that Eq. (A.72) has the same form as the decomposition formula (2.20). Fur-
ther, substituting Eqs. (2.26), (2.28), (A.34), (A.54), (A.55), the last equation in
Eqs. (2.26) and (2.28) into Eq. (A.71), the second-order perturbation
(2)
Bab of the
tensor B¯ab is decomposed as
(2)
Bab =
(2)
Bab +2£X
(1)
Bab +
(
£Y −£
2
X
)
Bab, (A.74)
where the gauge-invariant part
(2)
Bab is defined as
(2)
Bab :=
(2)
Aab +ua
(2)
Ab +
(2)
Ua ab + 2
(1)
Ua
(1)
Ab . (A.75)
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We also note that Eq. (A.74) has the same form as Eq. (2.21).
Now, we consider the components of the gauge-invariant parts
(1)
Bab and
(2)
Bab of
the first- and the second-order perturbations of the tensor field B¯ab. First, we note
that the background value of the tensor field B¯ab is given by Eq. (A.36), (A.58), and
(A.69):
Bab = aHγab. (A.76)
Through Eqs. (A.12), (A.13), (A.58)–(A.60), and (A.73), the components of the
gauge-invariant part
(1)
Bab of the first-order perturbation of the tensor B¯ab are sum-
marized as
(1)
Bηη = 0, (A.77)
(1)
Bηi = aH
(
(1)
νi −Di
(1)
v −
(1)
Vi
)
=
(1)
Biη, (A.78)
(1)
Bij = a
{
Di
(
Dj
(1)
v +
(1)
Vj
)
−D(i
(1)
νj) −
(
H
(1)
Φ +2H
(1)
Ψ +∂η
(1)
Ψ
)
γij
+
1
2
(∂η + 2H)
(1)
χij
}
. (A.79)
Finally, through Eqs. (A.12)–(A.15), (A.41)–(A.44), (A.59)–(A.62), (A.75), the com-
ponents of the gauge-invariant part
(2)
Bab of the second-order perturbation of the tensor
B¯ab are summarized as follows:
(2)
Bηη = 2aH
(
Di
(1)
v +
(1)
Vi −
(1)
νi
)(
Di
(1)
v +
(1)
V i −
(1)
νi
)
, (A.80)
(2)
Bηi = a
[
2
(
(1)
νj −Dj
(1)
v −
(1)
Vj
){
Dj
(
Di
(1)
v +
(1)
Vi
)
−D(i
(1)
νj) −∂η
(1)
Ψ γij +
1
2
∂η
(1)
χij
}
+H
(
(2)
νi −Di
(2)
v −
(2)
Vi
)
− 2H
(1)
Φ
(1)
νi
]
, (A.81)
(2)
Biη = a
[
2
(
(1)
νj −Dj
(1)
v −
(1)
Vj
){
Di
(
Dj
(1)
v +
(1)
Vj
)
−D(i
(1)
νj) −∂η
(1)
Ψ γij +
1
2
∂η
(1)
χij
}
+H
(
(2)
νi −Di
(2)
v −
(2)
Vi
)
− 2H
(1)
Φ
(1)
νi
]
, (A.82)
(2)
Bij = a
[
Di
(
Dj
(2)
v +
(2)
Vj
)
−D(i
(2)
νj) −
{
H
(
2
(2)
Ψ +
(2)
Φ
)
+ ∂η
(2)
Ψ
}
γij
+
1
2
(∂η + 2H)
(2)
χij
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+
(1)
Φ
{
2D(i
(1)
νj) +
(
2∂η
(1)
Ψ +H
(
4
(1)
Ψ +3
(1)
Φ
))
γij − (∂η + 2H)
(1)
χij
}
+2
(
Di
(1)
v +
(1)
Vi
){
Dj
(1)
Φ +(∂η +H)
(
Dj
(1)
v +
(1)
Vj
)}
+
(
(1)
νk −Dk
(1)
v −
(1)
Vk
)(
2Dk
(1)
Ψ γij − 4D(i
(1)
Ψ γj)k + 2D(i
(1)
χj)k −Dk
(1)
χij
)
−Hγij
(1)
νk
(1)
νk +Hγij
(
Dk
(1)
v +
(1)
Vk
)(
Dk
(1)
v +
(1)
Vk
)]
. (A.83)
We also note that the components
(1)
Bηη,
(1)
Biη,
(1)
Bηi for the first-order perturbation
(1)
Bab and the components
(2)
Bηη ,
(2)
Biη,
(2)
Bηi for the second-order perturbation
(2)
Bab are also
derived from the perturbations of the properties
u¯aB¯ab = u¯
aB¯ba = 0. (A.84)
A.4.1. Expansion θ¯
Now, we consider the perturbation of the expansion θ¯ defined by Eq. (A.65).
Through Eqs. (A.47) and (A.68), the expansion θ¯ is expanded as
θ¯ = θ + λ
(1)
θ +
1
2
λ2
(2)
θ +O(λ
3), (A.85)
where each order perturbations of θ¯ is given by
θ = gabBab = g
abAab = ∇au
a, (A.86)
(1)
θ = g
ab
(1)
Bab −Babh
ab, (A.87)
(2)
θ = g
ab
(2)
Bab −2
(1)
Bab h
ab +Bab(2h
aeh be − l
ab). (A.88)
Through Eqs. (2.8) and (A.72), the first-order perturbation
(1)
θ is decomposed as
(1)
θ =:
(1)
Θ +£Xθ, (A.89)
where the gauge-invariant part
(1)
Θ of
(1)
θ is given by
(1)
Θ =: g
ab
(1)
Bab −BabH
ab. (A.90)
Similarly, through Eqs. (2.8), (2.10), (A.72), and (A.74), the second-order perturba-
tion
(2)
θ is also decomposed as
(2)
θ :=
(2)
Θ +2£X
(1)
θ +
{
£Y −£
2
X
}
θ, (A.91)
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where the gauge-invariant part
(2)
Θ of
(2)
θ is given by
(2)
Θ := g
ab
(2)
Bab −BabL
ab − 2
(1)
Bab H
ab + 2BabH
aeH be . (A.92)
Here again, we note that the decompositions (A.89) and (A.91) of the perturbations
of the expansion θ¯ into the gauge-invariant and the gauge-variant parts have the
same forms as Eqs. (2.20) and (2.21), respectively.
Now, we derive the explicit expression of the perturbations of the expansion θ¯.
First, we consider the background value of the expansion (A.86). From Eq. (A.76),
the background value θ of θ¯ is given by
θ = 3
1
a
H = 3
∂ηa
a2
= 3
1
a
da
dτ
= 3H, (A.93)
where H is the Hubble parameter of the background universe and dτ = adη. Second,
through Eqs. (2.13), and (A.76)–(A.79), the gauge-invariant part (A.90) of the first-
order perturbation
(1)
θ is given by
(1)
Θ =
1
a
(
∆
(1)
v −3H
(1)
Φ −3∂η
(1)
Ψ
)
. (A.94)
Finally, through Eqs. (2.13), (2.15), and (A.76)–(A.83), the gauge-invariant part
(A.92) of the second-order perturbation of the expansion is given by
(2)
Θ =
1
a
[
∆
(2)
v −3∂η
(2)
Ψ −3H
(2)
Φ +6∂η
(1)
Ψ
(
(1)
Φ −2
(1)
Ψ
)
+4
(1)
Ψ ∆
(1)
v +9H
(
(1)
Φ
)2
+ 2
(1)
νk Dk
(1)
Ψ −3H
(1)
νk
(1)
νk
+
(
Dk
(1)
v +
(1)
Vk
){
2Dk
(
(1)
Φ −
(1)
Ψ
)
+ (2∂η + 3H)
(
Dk
(1)
v +
(1)
Vk
)}
+
(1)
χik
(
2Di
(1)
νk −2DiDk
(1)
v −2Di
(1)
Vk −∂η
(1)
χik
)]
. (A.95)
A.4.2. Shear σ¯ab
The perturbations of the shear tensor σ¯ab defined by Eq. (A.66) are given as
follows. Through Eqs. (A.4), (A.68), and (A.85), the perturbative expansion of the
shear tensor σ¯ab is given by
σ¯ab =: σab + λ
(1)
(σab) +
1
2
λ2
(2)
(σab) +O(λ
3), (A.96)
where
σab := B(ab) −
1
3
qabθ, (A.97)
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(1)
(σab) :=
(1)
B(ab) −
1
3
(1)
(qab) θ −
1
3
qab
(1)
θ , (A.98)
(2)
(σab) :=
(2)
B(ab) −
1
3
qab
(2)
θ −
2
3
(1)
(qab)
(1)
θ −
1
3
(2)
(qab) θ. (A.99)
Through Eqs. (A.8), (A.72), and (A.89), the first-order perturbation (A.98) of
the shear tensor is decomposed as
(1)
(σab)=
(1)
Σab +£Xσab, (A.100)
where
(1)
Σab:=
(1)
B(ab) −
1
3
(1)
Qab θ −
1
3
qab
(1)
Θ . (A.101)
Similarly, through Eqs. (A.8), (A.9), (A.72), (A.74), (A.89), and (A.91), the second-
order perturbation (A.99) of the shear tensor is decomposed as
(2)
σab=
(2)
Σab +2£X
(1)
(σab) +£Y σab −£
2
Xσab, (A.102)
where
(2)
Σab :=
(2)
B(ab) −
1
3
qab
(2)
Θ −
1
3
(2)
Qab θ −
2
3
(1)
Qab
(1)
Θ . (A.103)
Here again, Eqs. (A.100) and (A.102) show that the perturbations of the shear
tensor are decomposed into the gauge-invariant and the gauge-variant parts in the
same form as Eqs. (2.20) and (2.21), respectively.
Now, we consider the explicit components of the shear tensor of each order
perturbations. First, from Eqs. (A.16), (A.76), (A.93), and (A.97), the background
shear tensor is given by
σab = 0. (A.104)
Second, through Eqs. (A.16)–(A.18), (A.77)–(A.79), and (A.94), the components of
the gauge-invariant part
(1)
Σab of the first-order perturbation of the shear tensor are
given by
(1)
Σηη =
(1)
Σηi=
(1)
Σiη= 0, (A.105)
(1)
Σij = a
{(
DiDj −
1
3
γij∆
)
(1)
v +D(i
(1)
Vj) −D(i
(1)
νj) +
1
2
∂η
(1)
χij
}
. (A.106)
Finally, through Eqs. (A.16)–(A.21), (A.80)–(A.83), and (A.93)–(A.95), the compo-
nents of the gauge-invariant part
(2)
Σab of the second-order perturbation of the shear
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tensor are summarized as
(2)
Σηη = 0, (A.107)
(2)
Σiη =
(2)
Σηi= 2
(
(1)
νj −Dj
(1)
v −
(1)
Vj
)
(1)
Σij, (A.108)
(2)
Σij = a
[(
DiDj −
1
3
γij∆
)
(2)
v +D(i
(2)
Vj) −D(i
(2)
νj) +
1
2
∂η
(2)
χij
+
(1)
Φ
(
2D(i
(1)
νj) −∂η
(1)
χij
)
+2
(
Dk
(1)
v +
(1)
Vk
){(
γk(iDj) −
1
3
γijDk
)(
(1)
Φ +2
(1)
Ψ
)
+∂η
(
γk(iDj)
(1)
v +γk(i
(1)
Vj)
)
−
1
3
γij∂η
(
Dk
(1)
v +
(1)
Vk
)
−D(i
(1)
χj)k +
1
2
Dk
(1)
χij
}
+2
(1)
νk
{
−2
(
γk(iDj) −
1
3
γijDk
)
(1)
Ψ +D(i
(1)
χj)k −
1
2
Dk
(1)
χij
}
+
2
3
(1)
χlk
{
−γijDl
(1)
νk +γijDl
(
Dk
(1)
v +
(1)
Vk
)
+
1
2
γij∂η
(1)
χlk
−γikγjl
(
∆
(1)
v −
1
3
∂η
(1)
Ψ
)}]
. (A.109)
A.4.3. Rotation ω¯ab
The perturbations of the rotation defined by Eq. (A.67) are given by as follows.
The perturbative expansion of the rotation is directly derived from the perturbative
expansion (A.68) of the tensor field B¯ab and ω¯ab is expanded as
ω¯ab =: ωab + λ
(1)
ωab +
1
2
λ2
(2)
ωab +O(λ
3), (A.110)
and we have
ωab := B[ab],
(1)
ωab:=
(1)
(B[ab]),
(2)
ωab:=
(2)
(B[ab]) . (A.111)
We can also define the gauge-invariant expression of the first- and the second-order
perturbation of the rotation:
(1)
ωab=
(1)
Ωab +£Xωab,
(2)
ωab=
(2)
Ωab +2£X
(1)
ωab +
(
£Y −£
2
X
)
ωab, (A.112)
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where the gauge-invariant variables for the first- and the second-order perturbations
of the rotation are given by
(1)
Ωab=
(1)
B[ab],
(2)
Ωab=
(2)
B[ab] . (A.113)
From Eq. (A.76), the background value of the rotation is given by
ωab = aHγ[ab] = 0. (A.114)
Through Eqs. (A.77)–(A.79), the components of the gauge-invariant part
(1)
Ωab of the
first-order perturbation of the rotation are given by
(1)
Ωηη=
(1)
Ωηi=
(1)
Ωiη= 0,
(1)
Ωij= aD[i
(1)
Vj] . (A.115)
Further, through Eqs. (A.80)–(A.83), the components of the gauge-invariant part of
the second-order perturbation of the rotation are given by
(2)
Ωηη = 0, (A.116)
(2)
Ωiη = −
(2)
Ωηi= 2a
(
(1)
νj −Dj
(1)
v −
(1)
Vj
)(
D[i
(1)
Vj]
)
, (A.117)
(2)
Ωij = a
{
D[i
(2)
Vj] −2
(
Dk
(1)
v +
(1)
Vk
)(
D[i
(1)
Φ γj]k + ∂ηD[i
(1)
v γj]k
+∂η
(1)
V[i γj]k
)}
. (A.118)
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